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Figure 1: The Polynomial Hierarchy. Arrows denote inclusion.

1 Exist and For All Complexity Classes

% We start by defining ways to cre-
ate complexities classes from other
complexity classes. First, 3C is the
complexity class that captures apply-
ing a non-deterministic (“there ex-
ists a certificate”) over deciders for

C.

% So, it should not be surprising
that 3P recovers NP! Simply unroll
the definition of 3P and match the
definition to that of NP.

% In the same way, we define VC
as the class that captures applying a
“for all certificates’ quantifier over
deciders for C.

Definition 1.1 (Exist Class). Let C be a complezity class.
Define the complexity class 3C where L € 3C if there exists
some L' € C such that the following holds: x € L if and only
if there exists y € {0,1}PW=D) such that (z,y) € L'.

Claim 1.2. 3P = NP.

Proof. L € 3P represents the NP language; L' € P repre-
sents the language of a poly-time verifier; y is the poly-sized
certificate; and x is the input instance. ]

Definition 1.3 (For All Class). Let C be a complexity class.
Define the complexity class YC' where L € YC' if there exists
some L' € C such that the following holds: x € L if and only
if for all y € {0,120 (2 ¢) € L.
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% Since co-NP is exactly about sat-
isfying a property for all poly-sized
certificates, it is also not surprising
that VP recovers co-NP!

% We know SAT is an NP-complete
language. What languages are
co-NP-complete? We can modify
SAT for this purpose as follows.

% Because of the “ for all assign-
ments” condition, it is not surprising
that TAUTOLOGY isin co-NP. Fur-
thermore, one can apply the same
style of reduction as Cook-Levin to
show that it is a complete problem
for co-NP.

% Here's a language that is slightly
weirder than just those in NP and
co-NP.

% Notice MIN-DNF has two quan-
tifiers, for all and exists. Therefore,
we should suspect it belongs to the
complexity class V3P = VNP.

Claim 1.4. VP = co-NP.
Proof. One can define co-NP in these two equivalent ways:
e L € co-NP if and only if L € NP;

e there exists a poly-time TM R such that z € L if and
only if for all y € {0,1}P°¥ (2D R(z, y) = 1.

The latter definition is equivalent to the definition of VP. [

Definition 1.5. Let TAUTOLOGY be the language containing
all boolean formulas ¢ such that for all assignments x, ¢(x)
18 true.

Claim 1.6. TAUTOLOGY € co-NP.

Claim 1.7. TAUTOLOGY is co-NP-complete.

Definition 1.8. Let MIN-DNF be the language containing all
DNFs ¢ such that all DNFs smaller ¢ compute a different
function than ¢.

Claim 1.9. MIN-DNF € ¥NP.

Proof. By definition, ¢ € MIN-DNF is equivalent to the fol-
lowing: for all ¢ such that |¢)| < |¢|, there exists an x such
that ¥ (z) # ¢(x). We can define a language L’ € NP such
that (¢,v) € L' if and only if there exists an x such that
$(2) # 6().

Then ¢ € MIN-DNF is equivalent to: for all ¢ such that |¢| <
|6], (¢,7) € L'. Since |¢| < |¢|, the size of |¢| is polynomial
in the input length. Thus MIN-DNF = V{L'} C VNP. O

2 The Polynomial Hierarchy

% In MIN-DNF, we observed a
chaining of V and 4. If we
keep chaining these operators to-
gether, what complexity class will we
achieve? This is the notion of the
polynomial hierarchy.

Definition 2.1 (Polynomial Hierarchy). Define the 0-th level:
Eg =P = Hg. We inductively define the i-th level where
Ef = Ell'[i1 and Hf = VEffl. Then the polynomial hierarchy
is PH = Uizo Ez‘P = Uzzo Hz‘P-
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% We start by observing basic rela-
tionships about the polynomial hier-
archy. First, we observe that 3 and
V preserve complexity classes. Then,
we observe an inclusion between EZP
and IIY, ;. Then an inclusion be-
tween Zf and Efﬂ. This allows us
to build a picture of hierarchy in Fig-

ure 1.

% Recall our priors claims to charac-
terize ©§ and TI§ as NP and co-NP.

% Next, we show that each level
of the hierarchy are complements.
This follows by unrolling the defi-
nition and showing that negating a
language flips all the quantifiers.

Claim 2.2. For any complezity class C', 3C O C' and VC D
C.

Proof. For the 3 and V complexity classes, if we ignore the
certificate y (set its length to 0), then we can easily show
L € C implies L € 3C and L € VC. O

Claim 2.3. For alli >0, 27 CIIY, | and 1P C ¥P, .

Proof. Observe that HEH = VEf and E;D—H = EIH;D. The rest
follows by Claim 2.2. O

Claim 2.4. For alli >0, ¥ C 3P | and I C TP ;.

Proof. By Claim 2.2, we have Hg C VHE and Hg C EHE. Ap-
plying this to the unrolled definition of Xf 1 and P 1 obtains
the claim. O

Claim 2.5. X = NP and II¥ = co-NP.

Proof. By Claim 1.2 and Claim 1.4, Elp = EHE =dP = NP
and IIY = VX = VP = co-NP. O

Claim 2.6. For alli >0, co—Zf = Hf.

Proof. We proceed by induction on ¢. This holds for ¢ = 0
since co-P = P, and for ¢ = 1 by Claim 2.5. Now we suppose
t > 2. We want to show that L € EZP if and only if L € Hf.
Let L € Zip. Then there exists an L' € Hfﬂ such that x € L
if and only if there exists a y such that (z,y) € L. Negating
this, there exists an L' e co—Hf_1 such that x € L if and only
if for all y, (z,y) € L.

Applying the inductive hypothesis that co-TIY | = =P | we
have that there exists an I/ € Ef_l such that z € L if and
only if for all y, (z,y) € I’. Which exactly fits the definition
that L € Hf . The same reasoning works in the converse. [J

3 Making the Hierarchy Collapse

% The polynomial hierarchy contains this massive collection of (perhaps) increasingly hard complexity
classes. So when someone has a cryptographic result such as “assuming X, the polynomial heirarchy
collapses (that is PH = P)", it provides strong evidence that X is false since it is widely believed that
PH £ P. Although, we have no proof techniques to prove this separation, and are still not close to

proving even P £ PSPACE.
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% We provide two results of collaps-
ing. The former is that if the bottom
part collapses, that is P = NP, then
the whole hierarchy collapses to P.
The latter is that if a higher level i
collapses into itself, then the hierar-
chy collapses at that level. To show
these, they make use of the comple-
mentation claim from above.

4 Complete Problems

% Do there exist complete prob-
lems for these alternating complexity
classes? Yes! All we need to do is
modify SAT with the right sequence
of quantifiers, and proof follows by
the same style as Cook-Levin.

Claim 3.1. IfP = NP, then PH = P.

Proof. We show that for all 7 > 0, Zf = P, assuming P = NP.
We proceed by induction on ¢. For ¢ = 0, we know E(F)’ = P by
definition. For ¢ = 1, we know P = NP = Elp by assumption.
Now suppose that ¢ > 2 and Ef_l = P. Applying Claim 2.6,
Hf_l = co—ZZ«P_1 = co-P = P. Therefore, Zip = EIHf_1 =3P =
NP = P. By induction, for all i > 0, XF = P. It follows that
PH = U,~o P =P. O

Claim 3.2. For any fixed 1 > 1, if Ef = Hf, then PH = E,'L-D.

Proof. We sketch a similar approach to the prior claim. We
show by induction on k > i that Xf = Eip = H,':. Note that
E,': = EIH/,'Z_1 = EIE/,':_1 = Z,':_l by the inductive hypothesis.
Similarly, we can show H,': = VE,F;_I = VH,F;_I = H,'z_l. Thus,
PH:UDOZE:ZE. O

Definition 4.1. Let E';—SAT be the language containing
all formulas ¢ such that Iz vz ... Q;z) such that
p(zM, 2@ 20)) is true. Here, Q; is a quantifier: 3 when
1 1s odd, and ¥ when i is even.

Similarly, define Hf -SAT as the same language, but with
quantifiers 3 and V flipped.

Claim 4.2. ¥P-SAT is complete for ¥

P and TP -SAT is com-
plete for Hf.

5 Formulation via Oracle TMs

% We can present an alternative for-
mulation of these alternating classes
via oracle TMs. For example, using
non-deterministic TMs, we can sim-
ulate 3C' with an oracle for C.

Claim 5.1. £P | = NP™ and TI? | = co-NP™

Proof. Roughly, NP allows us to simulate an 3 class operator
whereas co-NP allows us to simulate a V class operator. Recall
by Claim 2.6 that 3 and TI¥ are complements of each other.
Therefore, an oracle for ZZ-P is equivalent to an oracle for Hf ,
which is why we can write Zf as the oracle for both cases. [
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