CS611 Lecture 27 Products, Sums, and Other Types 29 October 2007

Lecturer: Andrew Myers

1 Introduction

In this lecture, we add constructs to the typed A-calculus that allow working with more complicated data
structures, such as pairs, tuples, records, sums and recursive functions. We also provide denotational seman-
tics for these new constructs.

2 Recap — The Typed A-Calculus A~

2.1 Syntax

terms e n | true | false | null | = | e1ex | Az:T.€
types 7 == int | bool | unit | 71 — 7

values v == n | true | false | null | A\z:7. e closed
2.2 Typing Rules
I'Fn:int I' - true : bool I' I~ false : bool I' - null : unit | Il el A
I'Feg:0—7 Tkei:o Izioke:r

Tkegper: T 'k (\z:c.e):o—T

3 Simple Data Structures

Each data structure can be added by extending the syntax of expressions (e), types (7) and values (v). The
evaluation contexts (F) will also need to be extended, and evaluation and type derivation rules added to
work with the new syntax.

3.1 Pairs
Syntax:
e = - | (e1,e2) | #le | #2e
T ou= e | TkT
v ou= | (v1,02)
E ou= o [ ([Fle) | (o[- | #1[-] | #2[]

For every added syntactic form, we observe that we have expressions that introduce the form, and expressions
that eliminate the form. In the case of pairs, the introduction expression is (e1,es), and the elimination
expressions are #1e and #2e.

Evaluation rules:
#1 (v1,v2) — V1 #2 (v1,v2) — V2

Note that these rules define eager evaluation, because we only select from a pair when both elements are
already evaluated to a value.
Typing rules:
I'Feg:mp They:m F'Fe:m*xm F'Fe:m*xm
It (e1,e9): 71 %7 I'EH#le:7m I'E#2e:7




3.2 Tuples

Syntax:
e | (e1y...,en) | #ne
T ou= e | TykeeoxT,
v ou= e | (V1. ,0n)
E ] (ory e vim1, [ €ty ey en) | #0]]
Evaluation rule:
#m (v1,...,0,) — Uy (I1<m<n)
Typing rules:
Fke:m ie{l,...,n} The:m*x- %71, (1<m<n)
Tk (e1,... ) T % %7y L' #me: 7y,
3.3 Records
Syntax:
e u= - | {x1=e1,...,xp =€} | ex
T ou= o | {xr T, T TRt
N I
E | {$1=U1,---,$i—1=w—1,l‘i=['],$i+1=€i+17~-~,$n=€n) | []x
Evaluation rule:
{x1=v1,...,2n =vp}.2 — v (1<i<n)
Typing rules:
ke :m, 1<i<n The:{zy:m,. .., Zn:Tn} (1<i<n)
FE{zi=e1,...,zn=€y) : {x1: 71, ..., 2n : Tn} T'Fex;:7;

3.4 Sums

Sums are useful for representing datatypes that can have multiple forms. For example, a tail of a list can
either be another nonempty list or null.

Syntax:
e u= | inl; e | inr, e | case e of e1 | eq
T u= | 7147
v = - |inlyin, v | inrg g, 0
E | inl[-] | inr[-] | case [-] of e; | es

The inl and inr constructs are called left injection and right injection, respectively.

Evaluation rules:
case (inl;, 1, v)of e; | e2 = €1 v case (inr,, 4., v) of e; | ea — eg v

Here e; and ey are functions and must have the same codomain type in order for the whole case expression
to have a type.



Typing rules:

I'ke:n I'ke:m I'ktey:mm+m T'Feiimm—m Ihex:imm— 13

I'kinl, 1, e:T1 + 7 I'Finry 4., e: 71+ 72 I'kcaseeyof e | ex: 73

To give an example of the sum type, consider the sum of two unit types, unit 4+ unit. This type has
exactly two elements, namely inl null and inr null. We could take this as a definition of the type bool with

elements true = inl null and false = inr null. The statement if b then e; else e5 could then be written
as case b of \z.e; | Az.es.

SML and OCaml have algebraic datatypes, which generalize sum types. The generalization of sum types
to give the different arms names is called a variant type. (Algebraic datatypes in ML can also be recursive.)

n= e | a(e)
T ou= e | @y Te, e, Tt Th
Recall that the ML syntax is
datatype t = x1 of t1 | ... | xn of tn.

The xi are constructors, and must be globally (across all types) unique to avoid confusion as to which type a
particular constructor is referring to (in our sum type, the confusion is alleviated by using 71 + 72 subscripts
in inl and inr).

4 Denotational Semantics

We now give the denotational semantics for type domains of A™1*, the strongly-typed A-calculus with sum
and product types.

Tlr—77 = T[] - T[]
Tlrx7] = T[] x T[]
Tlr+7] = T[] +7T[]

As before, our contract for this language is:
pET ANTke:r = C[I'te:7]p € T[1].

The remaining semantic rules are:

C[TF (e1,e2) :mixm]p = (C[CFer:m]p,CITF ea: m2]p)
ClTE#1e:mp = m(C[TFe:m*72]p)
CITF#2e:m]p = m(C[TFe:mn *xm]p)

ing(C[T' F e : m]p)
ing(C[T' e : 2]p)
C[TFcaseeyof e; | ex:73]p = caseC[I'F e : 11 + 12]p of
21.(C[CF ey i1 — 73]p)(z1) | 2. (C[TF ea: 1 — 73]p)(z2)
= [C[lFer:m —73]p,C[TFex:m — 73]p] (C[TF eo: 11+ 72]p)

CITFinly 4r, e: 71 + 72]p
CITFinr. 4., e: 7 + 2]p

where 7, is the (mathematical) projection operator that selects the nth element of a product, in, is the
injection operator that injects an element into a coproduct, and [, -] € (Dy — D3)*(Dy — Ds) — (D1+Dy —
D)



5 Adding Recursion

So far this language is not Turing-complete, because there is no way to do unbounded recursion. This is
true because there is no possibility of nontermination. The easiest way to add this capability is to support
recursive functions.

To do this, we first extend the definition of an expression:

e u= - | recfit—1 . Ar:T €

The new keyword rec defines a recursive function named f such that both = and f are in scope inside e.
Intuitively, the meaning of rec f:7 — 7’. \x:7. e is the least fixpoint of the map f — Az:7.e, where both f
and Az:T.e are of type 7 — 7.

For example, we would write the recursive function

f(z) = ifz>0thenlelse f(z+1)
as
rec f:int — int. A\z:int.if > 0 then 1 else f(z + 1).
The small-step operational semantics evaluation rule for rec simply unfolds it whenever it is needed:
recf:7T -7 . Ar:te — Ar:t.e{(recf:T — T . Ax:T.0)/f}

and the typing rule for rec is
I, fir—7,xz:7ke:T

't (recf:7— 7' Ax:T€):7—> 7"
The denotational semantics is defined in terms of the fix operator on domains:

Clrecf:7 =7 Xx:te]p = fix\geT[r—=7]. WweT[r].CI0,f:7 =71 a:7ke:T]|plz— v, g

Of course, whenever we take a fixed point, we have to make sure that a fixed point exists. We know that the
function satisfies continuity and monotonicity because we are writing in the metalanguage. However, for a
fixed point to exist, 7 [t — 7'] must be a pointed CPO. But for this to be true, we have to make sure L is
in the codomain of the function:

Tlr—71] = T[] - T[],

This will make the semantics of application potentially produce L, so we also have to change our contract
to account for the possibility of nontermination:

pET ATkFe:7 = Cle]peT[r]L.

Finally, we have to lift our semantics to take nontermination into account. For example, we should change
the denotation of a pair to:

[(C[e1]p,Clez]p)|, if both Cle1]p # L and Cles]p # L,

CII'F (eq, FTL* =
[ (e1,e2) 1 1 x 2] p {J_7 otherwise.

We can write this more conveniently using our metalanguage let construct:

CITF (e1,e2) :m*xma]p = letvy € T[] =C[I'F ey :m]pin
let vo € T[] =C[I'F ea: 2]p in
[(v1,v2)]

Recall that let is defined as:

letzeD=ejines = (Ax€D.ex)” (e1)



