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MaximumCut Problem

Given Undirected Graph G = (V
,
E)

--

Find Cut (S
, VIS) maximizing-

-

S(S) = # edges crossing (S , VIS)

o

S# VIS

S(s) = 6go



theorem .

Max Cut is NP-Hard.

↳ Even NP-Hand to determine thevue

of the max cut.

So
,
no efficient algorithm to solve MaxCut.

What about an "almost" maxout ?



Announcements
-

* Welcome Back !

* Exam Grading under way.



Approximate Maximum Cut Problem
--

-

Given Undirected Graph G = (V
,
E)

--

End Cut (S
, VIS) ·roximately

max imizing-

S(S) = # edges crossing (S , VIS)

efficient !

Q : Can we develop an algorithm that

y achieves an "almost max cut ?provab



Consider an algorithm A for solving maxcut-

A(G) is some out (5 , VIS)
VIACH)aI(a)( A(a)a

How doescut returned by A compare to optimal ?
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Consider an algorithm A for solving maxcut-

A(G) is some out (5 , VIS)
VIACH)aI(a)( A(a)a

How doescut returned by A compare to optimal ?

Approximate s/of Algorithm A A A
*(4)
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r- Approximate MaximumCut Problem

Given Undirected Graph G = (V
,
E)

--

Find Cut (S
, VIS)-

S .

t. rEa
*Observationnet most edge

** (G) =m

To lower bound w=> n
we lower bound S15)/m.



GreedyMax Cut.

Initialize So = 0
,
S = 0

.

For each vertex vi

G()

So (i) ⑭

/ -S
So
*

D ①
G (i) = #edges cut if Vi placed in St-b



GreedyMax Cut
&

Initialize So = 0
,
S = 0

.

For i = 1
..
-n .

Soli) = 15 (vi ,
vo) : ve So 31

6
,
(i) = 15 (vi , U .

) : ne S , 3)

if Soli) > S
,
(i) // Vertex vi has

move edges to So

1 Add vi to Si than to S,

else.

1 Add vi to So I Add vi to Sb

greedily.
Return (So

, Si)



Theorem . Greedy MaxCut solves the

↓
- approximate Max Cut problem.2
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Theorem Greedy Max Cut solves the

↓
2
- approximate Max Cut problem.

For every graph G
, Greedy MaxCut quarantees

that S(S) is at least 50% of A
*

(4)

Analysis

# of out edges "stays ahead" of non-cut edges

↳ Greedy Max Cut guarantees 50% of IE1 .



GreedyMax -
if vi has more edges into So

,
add to S,

else
,

add to So

-

For i = 1 .. - n
,

let Vi = Ev .. -- Vi
Let Ei be the set of edges

with both endpoints in Vi
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Claim .
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Claim .

For all i = 1 - - - n

,

after the ith iteration

of Greedy MaxCut

IE(So ,
Si)) = E. Eil

Prof. By induction on i.

Base Case i = 1
.

I Fil = 0.
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InductiveStep : Before iteration j
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How many edges does v; add to Eg ?
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Va-S -
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Claim .

For all i = 1 - - - n

,

after the ith iteration

of Greedy MaxCut

IE(So ,
Si)) = E. Eil

InductiveStep : Before iteration j
IE (s , Si)) = E · Ein

How many edges does v; add to Eg ?

So(j) + S
, (j)

How many edges does v
;
add to E(So

,
S

i ) ?

max[Soli) ,
S
. (i) 3
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Claim .

For all i = 1 - - - n

,

after the ith iteration

of Greedy MaxCut

IE(So ,
Si)) = E. Eil

InductiveStep : Before iteration j
IE (s , Si)) = E · Ein

After iteration j : + max[So(j) , S ,(j) I (S. (j) + f , (j)

Ne .
max[Soli)

,
6

, (13 -z · (fo(i) + 6 , (1)

=> IE(s , sil) = E. il



Conclusion .

After iteration n,

IE(So
,

Si)l = : m.

=> Moody =
ES. 11 Si =

Im
Tu

** (4) M

- ↓
2



RandomMaxCut

Initialize So = 0 Si =
For i = 1. - n

Choose b 50 , 13 uniformly at random

Add vi to Sb
Return (So ,Si)
-

Note
- Algorithm Never looks at the edges !



RandomMaxCut

Initialize So = 0 Si =
For i = 1. - n

Choose b 50 , 13 uniformly at random

Add vi to Sb
Return (So ,Si)
-

Note Algorithm Never looks at the edges !
-

Chim . ELIE(so ,si)l] = E . m.

=> Random MaxCut has Approx Ratio of E

in expectation.
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Consider an edge (n ,v)tE.

Define Xw = 1(( , v) out by (So
,
S
. )]

What is expected IE(so ,
Si) I ?

ECXu] = E]

= I : M



Can we do better ?

(Goemans - Williamson) YES ! Van I 0 .
878
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Can we do better than GW ?

(Khot, Kindler , Mossel
,
Odonwell) NO !

(Mossel ,O'donwell , Oleszkuicz)

(Raghavendra) Unless (P*NP) ++ is wrong.
un

Unique Games Conjecture.


