
#March2025 Solving SAT.

Plan
-

* Beating Brute Force for 3SAT

* Announcements

* Orthogonal Vectors solves CNF-SAT



F-SAT
Given a CNF Y = C

,
1 1 ... 1Cm

Does there exist a + 50 , 15"st . Ylat = 1 ?

Ci = (liVlie Vliv - -- vlin]
-

up to n literals

KSATSAT where each clause has at most

k literals



BruteForce Sat (4)

For each a = 50 ,152//2" possible assignments

Evaluate Y(a) / poly (n , m)

if y(a) = 1 -> Return ~

Return X

Running Time ? -> 2 poly (n ,m)



BruteForce Sat (4)

For each a = 50 ,152//2" possible assignments

Evaluate Y(a) / poly (n , m)

if y(a) = 1 -> Return ~

Return X

Running Time ? -> 2 poly (n ,m)

Note Works for all CNFs
-

Can we do better ? e
.g . for3SAT ?



3SAT - Satisfiability Problem for 3-CNF formulas

L
every clause has 3 literals.

& = (lvlvls) 1 - - ~ (In
, Vluavlus)

↑
Suppose11 = 1

Do we care aboutlis or lis ?



Given Y
,

li + &Xi ,
iXi3

Let Y leib be the simplification of 4 after

setting all occurrences of Xi consistent w/ li = b.



Given Y
,

li + &Xi ,
iXi3

Let Y leib be the simplification of 4 after

setting all occurrences of Xi consistent w/ li = b.

Y : (x
,
v exy) -(2x ,

vx))n(x2vxy -xs)

Y(x = 1

= (x
,

v exy) -(2x ,
vx))n(x2vxy -xs)



Branch3SAT (4) (Monien-Speckmeyer 186)

ifI is a 2-CNF

solve (4) in polynomial time .

Else
,
find some clause C = (1

,
v12vls)

Return Branch3SAT (Y(e
.

=
1)I

V Branch3 SAT (412
,

: 0
,
22: 1)

V Branch3SAT (4 10 = 0
,
12=0

, 13 = 1) (
Correctness
-

At least 1 ofS
,
12

,
Is must be set to 1

.



Branch3SAT (4) (Monien-Speckmeyer 186)

ifI is a 2-CNF

solve (4) in polynomial time .

Else
,
find some clause C = (1

,
v12vls)

Return Branch3SAT (Y(e
.

=
1)I

V Branch3 SAT (412
,

: 0
,
22: 1)

V Branch3SAT (4 10 = 0
,
12=0

, 13 = 1) (
RunningTime ?

*Setting a literal reduces number of variables !



Branch3SAT (4)
Branch3SAT (4)

n -Makes 3 Recursive calls

Branch3SAT (410, 12th!
Branch3SAT(Yrivo ,

12:0
, 13 = 1)

n - 3

BunningTime ↑ In) time on
n-variable

3-CNF &

T(n) [ T(n - 1) + T(n -2) + +(n -3) + poly(n)



T(n) < +(n - 1) + + (n - 2) + + (2 - 3) +

polyhs) Guess Thald

[C
n -

+ qh
- 2

+ ch
- 3

= an
- 3

. (22 + c + 1 & -

N

h

-

c = c + + 1 = c [1 . 84

=> T(n) [ 1 .

84h

exponentially faster than

Brute Force !



T(n) < +(n - 1) + + (n - 2) + + (2 - 3) +

polyhs) Guess Thald

[C
n -

+ qh
- 2

+ ch
- 3

= an
- 3

. (22 + c + 1 & -

N

h

-

3
c

= c + + 1 => c[ 1 . 84

=> T(n) [ 1 .

84h

exponentially faster than

Brute Force !

Current Best : 1
.

34
"

( shoeing
,
1999

(Moser-Schader,
2011



Announcements
-

* Have a great spring break !



Ohogonal Vectors Problem (OV)

&en
.

Two lists A
,
B

each of N vectors over 50 , 15m
·F ki

, j = N sit.

↑Les there exist

Ai and Bj are orthogonal T8
-

AioBi = Ain : Bin =



Ohogonal Vectors Problem (OV)

-

Gen
.

Two lists A
,
B

each of N vectors over 50 , 15m
·F

ki
, j = N sit.

↑Les there exist

Naim Ai and Bj are orthogonal ?8
-

-

TFor i = 1
.

--
N

&

For j = 1 . . - N AioBi = Ain : Bin =

#TestifAB



Theorem
.
(Due to Ryan Williams,

-

former 4820 student ! )

If there exists an N time algorithm for OU
&

then there exists a 1
.
94" time algorithm for CNF-SAT

·



Theorem (Due to Ryan Williams &

--

former 4820 student ! )

If there exists an N time algorithm for OU
&

then there exists a 1
.
94" time algorithm for CNF-SAT

·

-

S ~24

This would be a MAJOR breakthrough
in Algorithms & Complexity theory ,



Idea Reduce CNF-SAT to OV.
-

-

Exponential- time reduction

Gen Y = c
, 11 .. - 1Cm

* write down

FePave based on

"partial assignments"

In



PartialAssignments

* Consider splitting the variables in half

X
, X2, ..., Xn12Xn12+, Xurz,

---

,
X

nur

E50 ,13 E50 , 15412

Each assignment to half the variables

III

some "index" in 50 ,
1

. . .., 2-13



PartialAssignments

* Consider splitting the variables in half

X
, X2, ..., Xn12Xn12+, Xurz,

---

,
X

* For :50 ,1ghj + 50 ,15

(x, X2, ..., Xnk) XnRH ,
Xe+, ..., Xn) = (t , ()

↑ T
is an assignment to [0 ,

24- 1] [0 ,
2 -1]

and i
, j are partial assignments.



CF-SATvia OV .

For each i 50 ,
15"1

Ai - Partial Assignment Gadget (x .
.

.
. ,x ,
2)

For each je50 , 132

EBj - Partial Assignment Gadget (Xn
+ 1

- --

,
Xn

,
i)

Return OV (A , B)



Vorsindexed by partial assignments
000 . -- O

i·
000-- I

Elj -

1 111 .
-- I- III .--

un

n/2

Each index i - 50 , 13
4/2

Each je 50 ,15

corresponds to an assignment to corresponds to assignment

X
,
X2

,
--

, Xz ti Xn(+ /Yn+2 ...
-

-

, Xnj



clausesVorcoordinates determined by satisfying

1 Cm

J ↓ zi
12 u

O
if X

, , x21
- --

,Xn/zi

satisfies clause CKAin I otherwise

C = (QQVX - VIXnv . - - vXz)j



clausesVorcoordinates determined by satisfying

Cr
1 Cm

J ↓ z,
12 u

if Xue+, Xu+2 ,.
-- ,Xn-j

Bin :So satisfies clause CK

I otherwise

OC = (x2VXar@veXnv
. - - VXz)



Claim
-a

Aik : Bjn = 0 if and only if

the assignment

(x, X2, ..., Xnk) Xnim ,
Xe+, .

--

, Xn) < (2 , ()

satisfies the clause Cu



Claim
-a

Aik : Bjn = 0 if and only if

the assignment

(x, X2, ..., Xnk) Xnim ,
Xe+, .

--

, Xn) < (2 , ()

satisfies the clause Cu

Collary ·
There existsothogonal Ai and Bj
if and only ifI is satisfiable.

i = 0 --- 2 - 750 , 1542



Orthogonal Vectors Problem (OV)
Solves CNF-SAT

-

· F
Reduction
-

- Bj
2 24k · poly(n , m)↓
+ Tor (2)

-

m

-

Suppose Tor (N)
= NI .

9.

=> CNF-SAT : (212)19 [1 .

94"



weWhatdid show ?

* New algorithmic approach for solving CNF-SAT.

↳ we only need to improve OV.

* Hardness for polynomial-time .

↳ If CNF-SAT Requires -2"time
,

then OV requires - N2 time.
-



weWhatdid show ?

* New algorithmic approach for solving CNF-SAT.

↳ we only need to improve OV.

* Hardness for polynomial-time .

L↳ If CNF-SAT requires -2 time
,

rethen OV quires-N2 time.

↓

Theorem If CNF-SAT requires -2" time ,-

(Backurs-Indyle 15) then Edit Distance requires [(n2) time.


