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ximumIndependent Set

Given a graph G = (V
, E),

SEV is an independentset if for all

ueS
,
veS => (u , v) & E

-O

12

O

-o &↑ d
O O
-O-

INDSET = [(6 , k) : G contains an independent set 3of cardinality Ik

Theorem 3SAT [p INDSET .

-o

Corollary INDSET is NP-HARD .

--



Reductionfrom JSAT to INDSET -

Design polynomial-time algorithm :

* Given &
* Returns[G , k]

S.

t.

↓ satisfiable ES
G has IS

of condinality
2k

.

& SAT #) <9 , 4) - IndSet



Reductionfrom JSAT to INDSET -

Design polynomial-time algorithm :

* Given &
* Returns[G , k]

S.

t.

↓ satisfiable ES
G has IS

of condinality
2k

.

& SAT #) <9 , 4) - IndSet

Want produce a graph where
-

large IS "selects" assignment that satisfies all clauses.



ViableAssignment Gadgets

For each i = 1 . --n
, Xi = ai 50 , 13

assigned a single value.

⑭o ⑭

& D --- I I
⑮

Vi = 1
..
--in

~ Create two vertices Xio : Xi = 0G EV.

GXi1
= Xi = 1

- Add (Vio
,
Vi) E



-HauseSatisfaction Gadgets

For each j = 1
..

--

,

m some literal in C evaluates to

Celse
,
unsatisfiable)

C = (lj vb vis)

⑳
-

Vj = 1 . - m

- Create 3 vertices &j
, biz , list V

&

-Add edges between each (lj , jz)
, (liz , (j) ,Mis , KiltE



Meuse/AssignmentConsistency
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0 = (x , vLXvXa)1((XqvXn V +x)1 - - -



Meuse/AssignmentConsistency

⑰ ⑳ ⑰ ⑳ ⑭
I I I

⑮ ⑭
ly = X

,Ga
n-1

l
, 2

= TX2 eQ O ⑪I 2

" - & &
- - &

lz lz lz l3% O ⑬ O ⑭I
-

I 2 - M
-

0 = (x , vLXvXa)1((XqvXn V +x)1 - - -

If literal lit = Xi
,
add edge (eit

,
Xio) EE

If literal lif = -Xi
,
add edge (tj+, Xi1) E



Meuse/AssignmentConsistency

⑰ ⑳ ⑰ 122 = Xn- 1 ⑳ ⑭
I I

⑮ ⑭ ⑮
ly = X

,Gaff
n-1

n

I

↑
2 - u

l23 = 7Xn ↑
l

, 2
= TX2 e eQ Q --- ↑ O ↑% o

- &O ⑫ ⑭lz lz l3I
-

I 2 - 2
M
-

0 = (x , vLXvXa)1((XqvXn V +x)1 - - -

For each clause C ,
for each literal lit for t= 1

,
2

,
3

If literal ljx = Xi
,
add edge (ii+, Xio) EE

If literal li+= Xi
,
add edge (tj+, Xi1) E



ReductionRunning Time
* Construct vertices : 2 for each variable

and b for each clauses
Ou + m)

* Construction edges : 1 per variable
O(n +m)

6 per
clause

= On +m) = polylnm) -



Meuse/AssignmentConsistency

⑰ ⑰ ⑳ ⑭2 n-1
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e -eI 2 u

--- - &oQ O
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-

I 2 - 2
M
-

0 = (x , vLXvXa)1((XqvXn V +x)1 - - -

Claim ↓ is satisfiable ES G has an IS of
-

cardinality In+m .



Announcements
* HWJ due

* HWG released today
* Prelim 2 : Next Thursday

↳ Practice Questions Released Today



Meuse/AssignmentConsistency

⑰ ⑰ ⑳ ⑭2 n-1

I I I
⑭ ⑮g

n

I 2 - u
e e

--- - &oQ O

O O ⑭lz l3 lzI
-

I 2 - 2
M
-

0 = (x , vLXvXa)1((XqvXn V +x)1 - - -

Claim ↓ is satisfiable ES G has an IS of
-

cardinality In+m .



Meuse/AssignmentConsistency

⑰ ⑳ ⑳ ⑭2 n-1

11
⑭ ⑮

l = X
,g

n

123 = 7Xn

e -eI 2 uliz = 7X2oQ ---

O
- &O O ⑭lz l3 lzI

-
I 2 - 2

M
-

0 = (x , vLXvXa)1((XqvXn V +x)1 - - -

Property

(lit , Xib) E Et Xi = b => Sjt = 0



↓ satisfiable => IS of size n + m
.

-

* Consider a satisfying assignment a 50 , 1"



~satisfiable => IS of size n + m
.

* Consider a satisfying assignment a 50 , 1"

* For each i = 1 ... n

,

add Xib to S for ai = b .

a = 1 az= 1 ---- aq =0 - --- an = 0 an = /

⑭ ⑭
I ID ⑭ ⑭



↓ satisfiable => IS of size n + m
.

-

* Consider a satisfying assignment a 50 , 1"

* For each i = 1 ... n

,

add Xib to S for ai = b .

a = 1 az= ---- aq =0 ---- an = 0 an = /

⑮ ⑰ ⑭9

I I⑪ ⑮ ⑭

* For each j = 1 .
-

- m
,

add literal lit to S

·

t
= 1 under :for some by

e e eu

- - & - &
O& O

O

O
&
-

⑭

O

⑭lz lz l3I
-

I 2 - 2
-

↳ Each clause chooses some representative

lijz = I under * =a



~satisfiable => IS of size n + m
.

* Consider a satisfying assignment a 50 , 1"

* For each i = 1 ... n

,

add Xib to S for ai = b .

* For each j = 1 .
-

. m
,

add literal Pit to S

for some lit = 1 under a

QaimO .
ISI = n +m

&aim 1
. S is an independent set.



↓ satisfiable => IS of size n + m
.

-

* Consider a satisfying assignment a 50 , 1"

* For each i = 1 ... n

,

add Xib to S for ai = b .

* For each j = 1 .
-

. m
,

add literal Pit to S

for some lit = 1 under a

QaimO .
ISI = n +m

&aim 1
. S is an independent set.

* only select 1 vertex per
variable gadget

1 vertex per clause gadget.

* (jt
,

Xis) E only if setting Xi = b causes lit = 0
.

=> (eit
,
Xib) + E .

#



2& unsatisfiable=> Every IS has cardinality
2 n +m

-

-n vertices from variable gadgets-

* Every IS has m vertices from clause gadgets



& unsatisfiable => Every IS has cardinality
2 n +m

-

-

* -

very
IS has

-

vertices from variable gadgetsL [
u

& E un vertices from clause gadgets

Imagine selectinga vertices from variable gadgets

⑮ ⑭ ⑭
I⑪ ⑭ ⑭



2& unsatisfiable=> Every IS has cardinality
2 n +m

-

-

* -

very
IS has

-

vertices from variable gadgetsL -n

& E un vertices from clause gadgets

Imagine selectinga vertices from variable gadgets

⑮ ⑭ ⑭
I⑪ ⑭ ⑭

Such a
selection corresponds to some eg0,12

* Every assignmentt 50,15" results in some clause (j

with every literal /jz = y
= 0

.



-

& unsatisfiable=>> Every IS has cardinality
2 n +m

Imageselectingn vertice from variable gadgets

⑮ ⑭ ⑭
I I I⑪ ↑⑮ ⑭9

↑
Miz②e
Xiai = litto

- # (it
,
Xiai) EO- l

* Every assignmentt 50,15" results in some clause (j

with every literal &j = /jz = y
= 0

.



-

& unsatisfiable=>> Every IS has cardinality
2 n +m

Imageselectingn vertice from variable gadgets

⑮ ⑭
I I I⑪ ↑⑮ ⑭9

↑
Miz②e
xiai = litt

- # (it
,
Xiai) EO- l

* T-very lit has some neighbor already selected in S

Thus
,
IS cannot have I vertex per variable

and I vetex per clause &

-

=> IS < n + m

⑭



NP
·- SAT

->
·

&&-⑨ IND Set

INDSET is NP-Hand
=> INDSET ENP-complete -

INDSET E NP
.



VERTEXCover : Given a graph 4 and a size k,

does G have a vertex cover of

cardinality =I
?

O /
· if F(u ,v) E· CEV is a vertex cover

O

O ut C on
veC

.



VERTEXCover : Given a graph 4 and a size k,

does E have a vertex cover of

cardinality =I
?

E O /

S CEV is a vertex cover

if F(u ,v) E

ut C on
veC

.

The rem VERTEX Cover is NP-Hand .



·

%& VERTEX COVER↳⑨ & -
IND Set

Therem VERTEX Cover is NP-Hand .

By Reduction from INDSET .



VIRTEXCover :

CEV is a Vertexcover if for all

(u ,v) e E => ut C on
veC

.

Independent Set :
-

SEV is an independentset if for all

uES OR v S => (u ,v) E

O

· SO



VERTEXCOVER :
-

CEV is a texcover if for all

(u) tE = ut C OR
veC

.

EndependentSet :

SEV is an independentset if for all

uES or eS => (u , v) & E

Theorem .

CEV is a Vertex Cover

if

S = VIC is an Independent Set



-XCover :VERTE
-

CEV is a texcover if for all

(u ,) +E => ut C OR
veC

.

EndependentSet :

SEV is an independentset if for all

ueS or v S => (u ,v) E

(a,m) ,

return (6 , 2-h) Pineo

[a ,h) IS EX (a ,
n - 1) E VC.



CLIQUE % Given a graph G = (V , E)

does there exist a set of2k

mutually-connected vertices ?

KEV S
.
7

.
FureK ,

CurItE .

C a
O

↳ 5-clique



CLIQUE : Given a graph G = (V , E)

does there exist a set of2k

mutually-connected vertices ?

KEV S
.
7

.
FureK ,

CurItE .

C a
O

↳ 5-clique

Thover
.

CLIQUE is NP-Hand .



CLIQUE % Given a graph G = (V , E)

does there exist a set of2k

mutually-connected vertices ?

KEV S
.
7

.
FureK ,

CurItE .

There G has a K-Clique iff

4 = (V
,
UXVIE) has a k-IS.

↳ Complement edge set.

C oo C ·- -O⑮
S

⑰-O- O



NP-Complete

Sat- Ind Set

&
P O- VERTEX COVER LGO ↑ Teave

MAX Flow

FACTORING

I
NP-Complete problems

form an equivalenceclass

under poly-time reductions



Growing& Packing Problems

SET COVER : Given a finite universe U = EU - - -

, um]

and a collection of sets S
, . . . .,
Sn

Does there exist a collection of at most

k sets sit. SiUSiV . --USin = U ?



Growing& Packing Problems

SET COVER : Given a finite universe U = EU - - -

, um]

and a collection of sets S
, . . . .,
Sn

Does there exist a collection of at most

k sets sit. SiUSiV . --USin = U ?

Theorem SET COVER is NP-Hard
.

-

#
.

VC Ip Set Cover .

U = E Se = [et E : e= 3



Growing& Packing Problems

SET PACKING : Given a finite universe U = EU - - -

, un]

and a collection of sets S
, , ...,Smil

Does there exist a collection of at least

k sets sit. Si
.

1Siv - -- Sin = 0 ?



Growing& Packing Problems

SET PACKING : Given a finite universe U = EU - - -

, un]

and a collection of sets S
, , ...,Smil

Does there exist a collection of at least

k sets sit. Si
.

1Siv - -- Sin = 0 ?

Theorem SET PACKING is NP-Hard
.

-

#
.

IS Ip Set Cover .

U = V Se = Eu ,
v : u = exE]


