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EmplexityTheory

Categorize Problems based on how EASY/HARD

they are to solve.

PE Problems that can be served in polynomial time.

ND = Problems that can be verified in polynomial time .

NP-Hard =Q is NP-Hard if

every problem in NP reduces to Q.
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Theover . Every problem QENP reduces to SAT !

If any efficiently-verifiable problem is hand to solve,

then SAT is hard to solve.



# Given a boolean formula o
doestheexist a satisfying assignment ?

- a = 50 , 15 " s .

t. ①(a) = 1 ?

0 = (x , v (x2 v + (1(x5vX , vx)1(xzV(xV(x)
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Theorem If there is a polynomial-time algorithm
-

for SAT
,

then P =NP.

Pret
. Suppose A is a poly-time algo that solves SAT

.

* Consider any problem QENP .

* We show that QEP => NPEP => P = NP
.

POjaSAT .O
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Theorem If there is a polynomial-time algorithm
-

for SAT
,

then P =NP.

Pret
. Suppose A is a poly-time algo that solves SAT

.

* Consider any problem QENP .

* SAT NP-Hard => J poly-time renuction R

from Q to SAT

P

Sat.
Q #gQ .

On input X to Q
,

Run R on X⑨ERun A on R(X)

Return ALR(x)

&aim . AlgoQ Ses Q in poly-time ! -> QCP .



Most Computer Scientists Agree

P + NP

By previous theorem (contrapositive (

#NP,
then

satdoesnot
han

acriter



Today Leverage SAT to show other problems must be HARD

To show problem Q is NP-HARD
,

show

SAT reduces to Q in poly-time

SAT E Q
6



Today Leverage SAT to show other problems must be HARD

To show problem Q is NP-HARD
,

show

SAT reduces to Q in poly-time

SAT Ep Q

Conclude E

polynomial-time algorithm for Q (unless P = NP) .



Announcements

* HW5 ongoing
* HW6

- Released Wednesday 19 March

- Solutions Wednesday 26 March

- Prelim2. 27 March
,

7 : 30 - 94
↳ Location : Same as Prelim 1.

↳ Coverage : through HW6

- Stable Matching
- Max Flow / Min Cut

- Mathematical Algos
- NP-Completeness

↳ Practice Exam released Wednesday .



# Given a boolean formula o
doestheexist a satisfying assignment ?

- a = 50 , 15 " s .

t. ①(a) = 1 ?
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# Given a boolean formula o
doestheexist a satisfying assignment ?

7. 50 , 15h s .
t

. P() = 1 ?

0 = (x , v (x2 v + (1(x5vX , vx)1(xzV(xV(x)

#NFformula o

↳
Conjunction (AND) of m causes

S
Disjunction (OR) of he literals

-

S
one ofn variables or negation
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&T Given a 3-CNF formula O
,

does 7 a

sit . O(a) = 1 ?

↓
-

L clause has 3 literals
-very

The rem (Cook-Levin) 3SAT is NP-Hand.
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Ebsets of valid inputs
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the set of YES instances



3SAT = 50 : I is a satisfiable 3CNF formula

↳ Represent YES/NO DecisionProblems as

Ebsets of valid inputs

(i . e .
the set of YES instances

Reduction maps YES instances -> YES instances

No instances -> No instances
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ximumIndependent Set

Given a graph G = (V
, E),

SEV is an independentset if for all

ueS
,
veS => (u , v) & E

-O

12

O

-o &↑ d
O O
-O-

contains an independent set
INDSet = [(6 , 4) : of cardinality 2k 3

Eat. INDSET ENP .



ximumIndependent Set

Given a graph G = (V
, E),

SEV is an independentset if for all

ueS
,
veS => (u , v) & E

ISENP poly-time
Verifier

O
O Verifier-
-[↑ ↓ Eas

%
,
s

o & ISI = k .

12 ~ Yves checkO O V
-O

(n ,v) * E ,-
INDSet = [(G , k) : G contains an independento the

32k

Eat. INDSET ENP .



ximumIndependent Set

Given a graph G = (V
, E),

SEV is an independentset if for all

ueS
,
veS => (u , v) & E

-O

12

O

-o &↑ d
O O
-O-

INDSET = [(6 , k) : G contains an independent set 3of cardinality Ik

Theorem 3SAT [p INDSET .

-o

Corollary INDSET is NP-HARD .

--



Reductionfrom JSAT to INDSET -

Design polynomial-time algorithm :

* Given &
* Returns[G , k]
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of condinality
2k.
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Reductionfrom JSAT to INDSET -

Design polynomial-time algorithm :

* Given &
* Returns[G , k]

S.

t.

↓ satisfiable ES
G has IS

of condinality
2k

.

& SAT #) <9 , 4) - IndSet

Want produce a graph where
-

large IS "selects" assignment that satisfies all clauses.



ViableAssignment Gadgets

For each i = 1 . --n
, Xi = ai 50 , 13

assigned a single value.
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ViableAssignment Gadgets

For each i = 1 . --n
, Xi = ai 50 , 13

assigned a single value.

⑭o ⑭

& D --- I I
⑮

Vi = 1
..
--in

~ Create two vertices Xio : Xi = 0G EV.

GXi1
= Xi = 1

- Add (Vio
,
Vi) E



-HauseSatisfaction Gadgets

For each j = 1
..

--

,

m some literal in C evaluates to

Celse
,
unsatisfiable)

C = (lj vb vis)

⑪
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-HauseSatisfaction Gadgets

For each j = 1
..

--

,

m some literal in C evaluates to

Celse
,
unsatisfiable)

C = (lj vb vis)

⑳
-

Vj = 1 . - m

- Create 3 vertices &j
, biz , list V

&

-Add edges between each (lj , jz)
, (liz , (j) ,Mis , KiltE



Meuse/AssignmentConsistency

⑰ ⑮ ⑭ ⑳ ⑭n-1

11 I I
⑮ ⑮ ⑮ ⑭

Q ⑪ ⑪. - & &
- - &

ilz lzlz l3
2- MQ-O O ⑬ O-⑭

0 = (x , vLXvXa)1((XqvXn V +x)1 - - -



Meuse/AssignmentConsistency

⑰ ⑳ ⑰ ⑳ ⑭
I I I

⑮ ⑭
ly = X

,Ga
n-1

l
, 2

= TX2 eI 2Q O
&
-

⑪
" - & - &
lz lz lz l3% O ⑬ O ⑭I
-

I 2 - M
-

0 = (x , vLXvXa)1((XqvXn V +x)1 - - -

If literal lit = Xi
,
add edge (eit

,
Xio) EE

If literal lif = -Xi
,
add edge (tj+, Xi1) E



Meuse/AssignmentConsistency

⑰ ⑳ ⑰ 122 = Xn- 1 ⑳ ⑭n-1

⑮ ⑭ ⑮n

Gaff
I I

ly = X
,

I

↑
2 - u

l23 = 7Xn ↑
l

, 2
= TX2 e eQ Q --- ↑ O ↑% o

- &O ⑫ ⑭lz lz l3I
-

I 2 - 2
M
-

0 = (x , vLXvXa)1((XqvXn V +x)1 - - -

For each clause C ,
for each literal lit for t= 1

,
2

,
3

If literal ljx = Xi
,
add edge (ii+, Xio) EE

If literal li+= Xi
,
add edge (tj+, Xi1) E



Meuse/AssignmentConsistency

⑰ ⑰ ⑳ ⑭2 n-1

I I I
⑭ ⑮g

n

e -eI 2 u

--- - &oQ O

O O ⑭lz l3 lzI
-

I 2 - 2
M
-

0 = (x , vLXvXa)1((XqvXn V +x)1 - - -

Claim ↓ is satisfiable ES G has an IS of
-

cardinality In+m .



~satisfiable => IS of size n + m
.

* Consider a satisfying assignment a 50 , 1"

* For each i = 1 ... n

,

add Xib to S for ai = b .

* For each j = 1 .
-

. m
,

add literal Pit to S

for some lit = 1 under a

QaimO .
ISI = n +m

&aim 1
. S is an independent set.



↓ satisfiable => IS of size n + m
.

-

* Consider a satisfying assignment a 50 , 1"

* For each i = 1 ... n

,

add Xib to S for ai = b .

* For each j = 1 .
-

. m
,

add literal Pit to S

for some lit = 1 under a

QaimO .
ISI = n +m

&aim 1
. S is an independent set.

* only select 1 vertex per
variable gadget

1 vertex per clause gadget.

* (jt
,

Xis) E only if setting Xi = b causes lit = 0
.

=> (eit
,
Xib) + E .



2& unsatisfiable=> Every IS has cardinality
2 n +m

-

-

* L -n vertices from variable gadgets--very
IS

has m vertices from clause gadgets

* Every assignmentt 50,15" results in some clause (j

with every literal /jz = y
= 0

.



& unsatisfiable => Every IS has cardinality
2 n +m

-

-

* L [
u vertices from variable gadgets-very

IS

has Im vertices from clause gadgets

-
* Every assignmentat 5013 results in some clause G

with every literal &j = /jz = y
= 0

.

* Consider the set S -> ofn vertices associated wh =
.

a

↳ For each vertex Rj
,
bir

,
bis,

there is some neighboring vertex Xib Sat

Thus
,
IS cannot have I vertex per variable

and I vetex per clause &

-

=> IS < n + m
.



NP
·- SAT

->
·

&&-⑨ IND Set

INDSET is NP-Hand
=> INDSET ENP-complete -

INDSET E NP
.


