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How quickly can we

convert from

COEFFICIENT REPR.

L Evaluation

↓ to

POINT-VALUE REPR . Y

#in

Point-Value Rep



Evaluation Problem
-

-

Given degree- polynomial P

in efficient representation

P = PnPn-1
,

- - -

P
,
Po S.

t. P(x) = &Pi XS

Return degree-n polynomial B
-

in Pt-value(PV) representation

That is :

nonical set of points Xo ,
X, , ---

, Xn-
,
Xn

with evaluations p(xo) , p(x ,
)

,
-

- -

, p(xn-) ,
P(Xu)

-
1

P



#dea. Divide & Rource Based on degree
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p(x) =
5x7 t X - 3x5 + 4x

+
- x + 2x2 + x - 1
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Gover(x) = x3 + 4x* + 2x - 1 Podd(x) = 5x3 - 3x2 - x + 1

P(x) = p(x2) + X · Poddx

x = 1 = x =S
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-Evaluateon "Roots of Unity"

W = Nth root of unityN-ri
Complex Number st . WN =

I-w=

-

Wa = wi wi w! -
conto

N N

#properties .

(1) W
N/2

= => (a))" = (wi + (2)2
N

=> I recursive call ,
2 evaluations !

2

(2) W
N

= (12) root of unity
=> Root of unity structure preserved during Recursion



FFT : Algorithm for the Evaluation problem.

Given polynomial of degree-n , P

Returns & ,
evaluation at

Nth Roots of Unity
-> N -

w
~

= wi w --- W

for N = 2d > n
.
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Goal :
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Porm (x2) + X - Podd(x2)
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FFT (p=

P .
Pr
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Parz---424 , Po , No (

Split ↑
into

Peren = PrPn-2--- P2Po Il
Coefficients of even&

odd degree monomials
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Podd on 1/2/M Roots

Podd - FFT (Poda ,
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For j = 0, ...,
N

.

Pj = [even) ; mode
+ 21" · (Poda) ; mod va

Return & / p(x)
= Power (xY + X - Podd(x2)
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For N = 2d > n

FFT (p=

P .
Pr

-
Parz---424 , Po , No (

if (p) = 1 Return Po = Po 1/ Base case
,

constant deg . 0

polynomial

Split ↑
into

Peren = PrPn-2--- P2Po Il
Coefficients of even&

odd degree monomials

Podd = Pri Purs--- PoP ,

M
-

Peven FFT (Paren ,
Wv(

II
-valuate peven andW

1
Podd on 1/2/M Roots

Podd - FFT (Poda ,
Wi

For j = 0 .. -- ,
N

.

Pj = [even) ; mode
+ 21" · (Poda) ; mod va

Return P / p(x)
= Power (xY + X - Podd(x2)

where (i) = (with,
2

~



RunningTime ?

* Each FFT makes 2 Recursive Calls
.

* Each of size N12

* Linear post-processing operations

T(N) [ 2 . T(N/2) + c N operations

choose N = O(n)

=> OInlogn) basic operations



Announcements

* HW4 de

* HW] grades available

* HWJ released after class

* Prelim #2 Conflict Survey Available on Ed



Stemsof Equations

Common Problem : Many desiderate

↳ Encode each constraint as an equation
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Stemsof Equations

Common Problem : Many desiderate

↳ Encode each constraint as an equatic

G. Find a setting of variables

s.t
.
All equations are satisfied simultaneously

#820Question.

* Can We determine whether a system of equs
is satisfiable ? Efficiently ?

* How does the "type" of egu change

the hardness of the problem ?
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Sound Design
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Example.

Sound Design

-
()

- ⑳

n speakers 4) Gij N searts in the

audience

② 4) -

4) -

Gain Aji · amplification from speaker i to seatj

Goal Personalized volumes
-

↳ Each audience member sets desired volume

Q : Can we achieve volumes ?
-



li-level out of speaker i

Sj
= Volume at seat j

Does there exist a setting of levels ....
In

such that for all seats
,
the volume

equals Sj Y

#I-
10 volume at seat j- I

#-> given by sum

of levels at- speakers , weighted

by gain

#)



li = level out of speaker i

Sj
= Volume at seat j

Does there exist a setting of levels ....
In

such that for all seats
,
the volume

equals Si ?

System of Lan Equations !

For all j = ....n Sj
= * Gji : li
i = 1



SavingLinear Systems

* x
= b



SavingLinear Systems

* x

=
b=

Row -Echelon Form

I

b(e) i I
I

O

I

I ill
I

↓ substitution

X = b"



&MussianElimination (A , b)

For each diagonal d = 1, .
.

.,
n.

Return to

I
↑I Find row st . Apk #0 .

If no such row

Swap rows Ap . and Ado
& scale S .

t
. Acc = 1

.11

Return A
,
b F
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Return A
,
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&MussianElimination (A , b)

For each diagonal d = 1, .
.

.,
n.

↑I Find row st . Apk #0 .

If no such row

Swap rows Ap . and Ado
& scale s .

t. Add = 1
.

For each vow r = d + 1 . . . .,
4

.

S AndI I 1 Arc < An ,

-S : A
d2

Return to

For each column Ic = c
,

- - -
,

U
.

br be-s-by FReturn A
,
b



&Mussian Elimination (A , b)&. 01 · On

For each diagonal d = 1, .
.

.,
n.

↑I Find row st . Apk #0 .

If no such row

Swap rows Ap . and Ado
& scale s .

t. Add = 1
.

For each now r = d + 1 . . . .,
4

.

S AndI I 1 Arc < An ,

-S : A
d2

Return to

For each column Ic = c
,

- - -
,

U
.

br be-s-by FReturn A
,
b



Thorem Gaussian Elimination solves Linear Systems
-

using Olu3) operations.

Many Problems Reduce to Linear System Solving !



There Gaussian Elimination solves Linear systems

using Olu3) operations.

Note For "real-valued" computation ,
need to worry-

about precision-

↳ Least-Squares/Numerical Stability



Theorem Gaussian Elimination solves Linear systems
-

using Olu3) operations.

Fact Gaussian Elimination can solve
--

Linear Systems over

the Myers mod p for prince p.



Ex .

XOR equations

X y
= (x +y) mod2

mod 2

-O O mod 2 = 0

I I mod 2 =

O I I I I mod 2 = 1

I I O 2 mod z = 0



Ex .

XOR equations

X, X20XX = 0

X
=#XX3 = 1

X, X2 I O
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Ex .

XOR equations

10 X ,G X20XX = 01

X
=#XX3 = 1

IX , Q X2 I ①I

# Fequations ,
XOR is 7

.

(x ,
0 x20x 0x01)1(x50x ,0x)v(x0x01) = 1

Corollary--
There exists a polynomial-time algorithm
for determining whether a system of

XOR equations is satisfiable
.

-

↳ fegus ,
XOR is 1

.



What about OR Equations ?

X
,
V X2 V X5 = 1

Xz V X 7 V + Xg = I

X ,
V + XzVX6

= I

(x ,
vx

= vxz) 1(XyVxy V(x)1(x ,
v +xzvX)

Does there exist an efficient algorithm
to determine if a system of OM-egus

is
Satisfiable ?


