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PolynomialMultiplication

p(x) = 3xz + 2x - 1

q(x) = X3 - X

p
.q(x) = (3x + 2x - 1)(x3 -x)

= 3x5 + 2x4 - x3

- 3x3 -

2x* + X

-

3
-

L3x5 + 2x
* / X -

2x2 + x

- Generalizes Integer Multiplication
- Equivalent to Convolution



P(x) = P:
x

q(x)= 9x

49(x) = (Pixi)(xi)
-

O(nz) cross terms

i

zu 2n-1

= CanX + Can-X t --- + C
,
X + Co

-

Aln) eventual terms



PresentingPolynomial

* Coefficient Representation

Degree- h polynomial P(x) = Pix

specified uniquely byP = Pn , Pm1
-

-- .. Po

* Point -Value Representation
-Fundamental Fact

.
W

- -very Degree- polynomial
is uniquely determined by its evaluation

-

at n + 1 points.
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9(x2)
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&
↑ Its .

define

3

. h cubic

two pts .
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((Xo) linear polynomial- - q(x)
o q(xy)



Observation : Multiplication is EASY in

Point-Value Representation
1 1 -

3
I 9 P

.

9

Xo p(xo) q(xo) p(xo) xq(xo)

X
, p(x , ) q(x , ) p(x , ) + q(x , )#Xz P(Xz) q(Xz) p(x2) + 9(Xz)

&i
:" i

Xzn-1 P(Xzn -
1) q(Xzn - 1) P(Xzn-1) + 9(X2n - 1)

Xzn P(X2n)9(x2n) P(Xzn) + 9(Xzn)



Observation : Multiplication is EASY in

Point-Value Representation
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3
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Xo p(xo) q(xo) p(xo) xq(xo) 1 multiplication

X
, p(x , ) q(x , ) p(x , ) + q(x , ) per point !# I
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Observation : Multiplication is EASY in

Point-Value Representation
1 1 -

3
I 9 P
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Xo p(xo) q(xo) p(xo) xq(xo) 1 multiplication

X
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operations
Xzn-1 P(Xzn -

1) q(Xzn - 1) P(Xzn-1) + 9(X2n - 1)
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Requirements
-

* Evaluation on nonical set of points
↳ same set of points for all P , 9

* Multiplication of
Y : "Zi J Count as Ol



lynomialMultiplication Road Map

P
.

9 in
P , 9 in

-
---- Coefficient Rey* multiplication
X.

Coefficient Rep - polynomial



lynomialMultiplication Road Map

P
.

9 in

---- Coefficient Rep↳Rep
-

multiplication
*polynomial

L Evaluation ↑ Interpolation
↳Rep

multiply↳Re

↳,
Y

·(n-1) =

q(Xn) =



Announcements

* HW4 Ongoing ,

* Looking Ahead : Prelim #2 on 27 March
.

-

↳ Only University - Approved Conflicts

can be accommodated

↳
Survey will come out in -1 week

.



lynomialMultiplication Road Map

P
.

9 in

-
---- Coefficient Rep↳Rep multiplication
*polynomial

L Evaluation ↑ Interpolation
↳Rep

multiply↳Re
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Y
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q(Xn) =



Theast Fouvier Transform.

TheoremThere exists an algo ,-

FFT
I

that takes a degree - n↳Rep

polynomial p(x) in coefficient rep ,

and returns the polynomial
= Lin Point-Value Rep

,

evaluated G
on & Canonical set of points

Xo ,
X

, ,
- - -

, Xn St . P = p(xo) , P(X , ) --- p(xn)↳Rep

using O(nlogn (
basic operations

( +, x)



PynomialMultiplication

----↳Rep
-

multiplication
KentReypolynomial

i FFT

Lots ↑ ologe
↳re an iPoint - Value Rel

direct multiply

&rollary .

There exists an Ollogn) algorithm for

multiplying degree - 1 polynomials.



How quickly can we↳Rep convert from

COEFFICIENT REPR.

L Evaluation

↓ to

POINT-VALUE REPR . Y

#in

Point-Value Rep



Evaluation Problem
-

-

Given degree- polynomial P

in efficient representation

P = Pn
,
Pn-1

,

- -

P
,
Po S.

t. P(x) = &Pi X

Return degree - n polynomial i-

in P-t-value(PV) representation



Evaluation Problem
-

-

Given degree- polynomial P

in efficient representation

P = PnPn-1
,

- - -

P
,
Po S.

t. P(x) = &Pi XS

Return degree-n polynomial B
-

in Pt-value(PV) representation

That is :

nonical set of points Xo ,
X, , ---

, Xn-
,
Xn

with evaluations p(xo) , p(x ,
)

,
-

- -

, p(xn-) ,
P(Xu)

-
1
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NaiveEvaluation

* Choose n + 1 points Xo
,
X

, ,
---

, Xn-1 ,
Xn

* For each j = 0 ,
1

. -- n

d ↑

M 2

C
- -Compute I (p(xj) = [ D &
3 10/i

=o

& (d) operations



NaiveEvaluation

* Choose n + 1 points Xo
,
X, - Xn-1 ,

Xn

* For each j = 0 ,
1

. -- n

d
M i
C [ DCompute I

3
p(xj) = [ 1

·

Xi- -

=o

i

& (d) operations

RI
.

* d + 1 evaluations

* &(d) operations per
evaluation

=> ↓(d) evaluation time .



Evaluation Problem
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in efficient representation
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- - -

P
,
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By choosing points carefully,

can we save in Divide & Recurse ?

Idea .

Look for points Xo
,
Xi S .

t
. p(xo) = p(X , )

p(x) = x2

p(x) = 7 xb + 3x4 - xz + 5



By choosing points carefully,
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,
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X
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= - 1
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5) only even degrees
Xo
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X
,

= - 1



By choosing points carefully,

can we save in Divide & Recurse ?

Idea .
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,
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3
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X = 1
G
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X
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By choosing points carefully,

can we save in Divide & Recurse ?

Idea .

Look for points Xo
,

X , S .

t
. p(xo) + P(X , )

p(X) => value of

p(x , )

3

p(x) = X

Xo
= 1
=> p(xo) = - p(x , ) = 1

X
,

= - 1

p(x) = 6 x* + 3x3 - X

Xo
= 1 I only odd degrees

=> p(xo) = - p(x , )
X

,
= - 1



#dea. Divide & Rource Based on degree

p(x) = 2x2 + 3x - 1

= Peven(x2) + X · Podd (x2)

L -

Deven (x2) = 2x
*

- 1
Podd(x2) = 3
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#dea. Divide & Rource Based on degree

p(x) = 2x2 + 3x - 1

= Peven(x2) + X · Podd (x2)

L -

Deven (x2) = 2x
*

- 1
Podd(x2) = 3

↓

P (1) = Peven (1) + Podd (1)

p() = Peven (1)
- Podd (1)

-

To evaluate p(1) and p()

only need recursive calls on x* = 1.



#dea. Divide & Rource Based on degree

P (1) = Peven (1) + Podd (1)

p() = Peven (1)
- Podd (1)

-

To evaluate p(1) and p()

only need recursive calls on Xt = 1
.

↓ed X: = X
,

<

structure to hold recursively !

To evaluate plxi) and p(Xi)

only need recursive calls on x2 = xi2i



-Evaluateon "Roots of Unity"

w
we ww W = Nth root of unityN-

Complex Number st . WN =
-w= I

- i

-
n - 2 n - 1 N

Wa = wi wi w! - W
N Wi w

N

For N = 2d > n
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Complex Number st . WN =
-w= I

- i

-
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N N

#properties .

(1) W
N/2

= => (a))" = (wi + (2)2
N

=> I recursive call ,
2 evaluations !



-Evaluateon "Roots of Unity"

N-ri W = Nth root of unity

Complex Number st . WN =
I-w=

-

Wa = wi wi w! -
conto

N N

#properties .

(1) W
N/2

= => (a))" = (wi + (2)2
N

=> I recursive call ,
2 evaluations !

2

(2) W
N

= (12) root of unity
=> Root of unity structure preserved during Recursion



FFT : Algorithm for the Evaluation problem.

Given polynomial of degree-n , P

Returns & ,
evaluation at

Nth Roots of Unity
-> N -

w
~

= wi w --- W

for N = 2d > n
.
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Goal :

p(x) =

Porm (x2) + X - Podd(x2)
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For N = 2d > n

FFT (p=

P .
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RunningTime ?

* Each FFT makes 2 Recursive Calls
.

* Each of size N12

* Linear post-processing operations

T(N) [ 2 . T(N/2) + c N operations

choose N = O(n)

=> OInlogn) basic operations


