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Mrating Example .

Sum of Independent RVs .

Roll a die X = & 1
,
2

,
3.4. 5

,
6 3

Roll a second die Y = [1 ,
2

,
3

,
4

,
5 , 63

What is the distribution of the sum of dice ?

e
.g. Pr[X + y = 4] = ?

13 2231



MiniatingExample. Sum of Independent RVs .

X discrete Random Variable

over 20 ,
1

,
2

, ---

, ng

Pr[X = i] = xi for i = 0 . -- n

Y discrete RV sit.

Pr [Y = j] =

y ;
for = 0.1 . -- n -

For independent X
,
Y

Pr[X + y = k] = ?



Pr [X = i] (n 3 (n -..
- - (23 ,

Do

Pr[Y = j] Yu Yn
---

Y2 Y , Yo

Pr[X + y = u] = [ Pr[X = i1Y = j]
i= 1 - -- n

j =1 . - - n

↳ ti + j = n



Pr [X = i] (n 3 (n -..
- - (23 ,

Do

Pr[Y = j] Yu Yn
---

Y2 Y , Yo

Pr[X + y = u] = [ Pr[X = i1Y = j]
i= 1 - -- n

j =1 . - - n

Sit
,

i + j = k

Listendence

= [Pr[X = i] Pr(Y = j]
=ki+ 1



Pr [X = i] (n 3 (n -..
- - (23 ,

Do

Pr[Y = j] Yu Yn
---

Y2 Y , Yo

Pr[X + y = u] = [ Pr[X = i1Y = j]
i= 1 - -- n

j =1 . - - n

Sit
,

i + j = k

( X #Y

independence

= [ Pr[X = i] Pr(Y = j]
i+ j = 4

= E xi. Yj
i + j= k



Convolution

Given sequences
P = PnPn --- P

,
Po

9 = 9n9n----9 , %0

Return sequence C = CanCan---- Ed ,
Co

c = (p *9) = Eu P: 9 ,



Convolution

Given sequences
P = PnPn --- P

,
Po

9 = 9n9n----9 , %0

Return sequence C = Cardan---Ed ,
do

c = (p *9) = Eu P: 9 ,

Myuseful applications !

* Probability Theory
* Signal Processing



Announcements

* HW4 Ongoing

* Recitation

↳ More practice w/ flow/reductions



Convolution

Given sequences
P = PnPn --- P

,
Po

9 = 9n9n----9 , %0

Return sequence C = CanCan---- Ed ,
Co

c = (p *9) = Eu P: 9 ,

Convolution noncial Multiplication



PolynomialMultiplication

p(x) = 3xz + 2x - 1

q(x) = X3 - X

p
.q(x) = (3x + 2x - 1)(x3 -x)

= 3x5 + 2x4 - x3

- 3x3 -

2x* + X

-

3x5 + 2xY - 4x3 -
2x2 + x

Generalizes Integer Multiplication



P(x) = Pix
i

q(x)= 9x

49(x) = (Pixi)(xi)



P(x) = P:
x

q(x)= 9x

49(x) = (Pixi)(xi)
= 19·
x



P(x) = P:
x

q(x)= 9x

49(x) = (Pixi)(xi)

-



P(x) = P:
x

q(x)= 9x

49(x) = (Pixi)(xi)

-
·

ki+ 1

Ch

Convolution coefficients of polynomial
multiplication



AnotherApplication : Smoothing Signals

* Given N measurements

9
= 909 , 92 ---9n - 1

* Return "smoothed" measurements

w = r v ---- Un-1
I 2

where Vi = = 9i + 59i - 1

smoothed signal maintains "memory" of last signal



Smoothing-PolynomialMultiplication

Signal : p
= 3, 6 ,

0
,
12

,
3

p(x) = 3 + 6x + 12x
3

+ 3x4 s(x) = = + 5x

#some⑧

&



-Nothingas Polynomial Multiplication

Signal : p
= 3

,
6

,
0

,
12

,
3

p(x) = 3 + 6x + 12x
3

+ 3x4 s(x) = = + 5x

3 + 6x + 0xz + 12x3 + 3x4
p(x)

X

-

> (x) 5 + 5X
-

2 + 4x + 0x + 8x + 2x

(p -S)(x)



-Nothingas Polynomial Multiplication

Signal : p
= 3

,
6

,
0

,
12

,
3

p(x) = 3 + 6x + 12x
3

+ 3x4 s(x) = = + 5x

3 + 6x + 0xz + 12x3 + 3x4
p(x)

X

-

> (x) 5 + 5X
-
2 + 4x + 0x + 8x3 + 2x

X ↓ 2x2 + 0x3 + 4x4 + x

5

t

(p -S)(x)



-Nothingas Polynomial Multiplication

Signal : p
= 3

,
6

,
0

,
12

,
3

p(x) = 3 + 6x + 12x
3

+ 3x4 s(x) = = + 5x

3 + 6x + 0xz + 12x3 + 3x4
p(x)

X

-

> (x) 5 + 5X
-
2 + 4x + 0x + 8x + 2x

x + 2x + 0x3 + 4x4 + x5
t

-

(p -S)(x) 2 + 5x + 2x + 8 x3 + 6x4 + x
5

What is coeficient of x" ?



-Nothingas Polynomial Multiplication

Signal : p
= 3

,
6

,
0

,
12

,
3

p(x) = 3 + 6x + 12x
3

+ 3x4 s(x) = = + 5x

3 + 6x + 0xz + 12x3 + 3x4
p(x)

X

-

> (x) 5 + 5X
-
2 + 4x + 0x + 8x3 + 2x

X + 2x + 0x3 + 4x4 + x5
t

-

(p -S)(x) 2 + 5x + 2x + 8 x3 + 6x4 + X
5

-
bx

"
= = (3x

+

) + =X)12x)

= (5 +
+ 5 * )x

+

= r4
- x4



-Nothingas Polynomial Multiplication

Signal : p
= 3

,
6

,
0

,
12

,
3

p(x) = 3 + 6x + 12x
3

+ 3x4 s(x) = = + 5x

3 + 6x + 0xz + 12x3 + 3x4
p(x)

X

-

> (x) 5 + 5X
-

2 + 4x + 0x + 8x + 2x

x + 2x + 0x3 + 4x4 + x5
t

-

(p -S)(x) 2 + 5x + 2x + 8 x3 + 6x4 + x
5

L

E2 ,
8

,
6



MiplyingPolynomials

* Equivalent toConvolution

* Useful in applications
- Algebra
- Probability
- Signal Processing

* Generalizes Integer Multiplication



MiplyingPolynomials

* Equivalent to Convolution

* Useful in applications
- Algebra
- Probability
- Signal Processing

* Generalizes Integer Multiplication

Question: How quickly can we multiply

degree- n polynomials ?



p(x) = PrX" + 4n - ,

x + - - - + p ,
X + po

n

9(x) = qnX
+ qn- x" - + - - - + 9 ,

X + 90

Algorithms



p(x) = Pax" + 4n - ,

X
-

- - - + p ,
X + po

9(x) = 9n X

n

+ qu- ,
x" + - - - + 9 ,

X + 90

Algorithms

* Naive : E(n
=

)

* Kavatsuba : 0 (n
1 .59)

* Better algos ?



PresentingPolynomial

* Coefficient Representation

Degree- n polynomial p(x) = Pix

specified uniquely byP = Pn , Pm1
-

-- .. Po



PresentingPolynomial

* Coefficient Representation

Degree- h polynomial P(x) = Pix

specified uniquely byP = Pn , Pm1
-

-- .. Po

* Point -Value Representation
-Fundamental Fact

.
W

- -very Degree- polynomial
is uniquely determined by its evaluation

-

at n + 1 points.



PresentingPolynomial

* Coefficient Representation

Degree- n polynomial p(x) = Pix

specified uniquely byP = Pn , Pm1
-

-- .. Po

* Point -Value Representation
-Fundamental Fact

.
W

- -very Degree- polynomial
is uniquely determined by its evaluation

-

at n + 1 points.

P(x , ]

9(x2)
q(x)

&
↑ Its .

define. h cubic

two pts .

define

((Xo) linear polynomial3

- - q(x)
o q(xy)



Observation : Multiplication is EASY in

Point-Value Representation
1 1 -

I 9 P
.

9
-

Xo p(xo) q(xo)

X
, p(x , ) q(x , )

X
P(Xz) q(Xz)I
3

I&

" i
Xzn-1 P(Xzn -

1) q(Xzn - 1)

Xzn P(Xan) 9(x 2n&



Observation : Multiplication is EASY in

Point-Value Representation
1 1 -

3
I 9 P

.

9

Xo p(xo) q(xo) p(xo) xq(xo)

X
, p(x , ) q(x , ) p(x , ) + q(x , )#Xz P(Xz) q(Xz) p(x2) + 9(Xz)

&i
:" i

Xzn-1 P(Xzn -
1) q(Xzn - 1) P(Xzn-1) + 9(X2n - 1)

Xzn P(X2n)9(x2n) P(Xzn) + 9(Xzn)



Observation : Multiplication is EASY in

Point-Value Representation
1 1 -

3
I 9 P

.

9

Xo p(xo) q(xo) p(xo) xq(xo) 1 multiplication

X
, p(x , ) q(x , ) p(x , ) + q(x , ) per point !# I

evaluation

Xz P(Xz) q(Xz) p(x2) + 9(Xz)

&i
" i i O(n)

operations
Xzn-1 P(Xzn -

1) q(Xzn - 1) P(Xzn-1) + 9(X2n - 1)

Xzn P(X2n)9(x2n) P(Xzn) + 9(Xzn)



Observation : Multiplication is EASY in

Point-Value Representation
1 1 -

3
I 9 P

.

9

Xo p(xo) q(xo) p(xo) xq(xo) 1 multiplication

X
, p(x , ) q(x , ) p(x , ) + q(x , ) per point !# I

evaluation

Xz P(Xz) q(Xz) p(x2) + 9(Xz)

S

&i
" " i O(n)

operations
Xzn-1 P(Xzn -

1) q(Xzn - 1) P(Xzn-1) + 9(X2n - 1)

Xzn P(X2n)9(x2n) P(Xzn) + 9(Xzn)

Requirements
* tvaluation on

set of points
-

canonical
ame set of points for all P , 9



Observation : Multiplication is EASY in

Point-Value Representation
1 1 -

3
I 9 P

.

9

Xo p(xo) q(xo) p(xo) xq(xo) 1 multiplication

X
, p(x , ) q(x , ) per point !Min I

evaluation

Xz P(Xz) q(Xz)
S

&i
" " i O(n)

operations
Xzn-1 P(Xzn -

1) q(Xzn - 1) P(Xzn-1) + 9(X2n - 1)

Xzn P(X2n)9(x2n) P(Xzn) + 9(Xzn)

Requirements
-

* Evaluation on nonical set of points
↳ same set of points for all P , 9

* Multiplication of
Y : "Zi J Count as Ol



lynomialMultiplication Road Map

P
.

9 in
P , 9 in

---- Coefficient Rey* -

multiplication
X.

Coefficient Rep - polynomial



lynomialMultiplication Road Map

P
.

9 in

---- Coefficient Rep↳Rep
-

multiplication
*polynomial

L Evaluation ↑ Interpolation
↳Rep

multiply↳Re

↳,
Y

·(n-1) =

q(Xn) =


