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M plying Integers

p
+ q = N

Given two integers P19
Find their product N.



M plying Integers

p
+ q = N

Given two integers P19
Find their product N.

Questions
-

* Isn't this just a math problem ?

* Isn't this O(1) ?
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4820
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Grade school multiplication

4820 x 905 =?

71

4820 As the integers grow
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in magnitude,
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148200 3 operations do Te use ?
-

4338000
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4410300

Basic Operations
-

* Multiplication of bits

* Addition of bits
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3presenting Natural Numbers

BINARY REPRESENTATION

4820 = 1001011010100

p
= & z pi = PrPn"-- PrPiPo

i=0

for Pit 50 , 15

Inputsize : length n of binary representation
of p , 9.

How does multiplication scale w/ input length ?



Grade School Multiplication :
PnPn-1 ... P , Po

m9m-i--9, % For every j
= 0

,
1, .

.

., m

For every
i = 0 ,

1, .
.

.,
nI 1 Record 95 · Pi

Sum up totals

-

Eln2) time for m = O (n)

Can we do better ?



Announcements

* HW3 due

* HW4 released after Lecture



Divide& Recurse.

* To compute multiplication of n-bit numbers

↳
Express product as sum of multiplication
of smaller (fewer bits) numbers.



Divide& Recurse.

* To compute multiplication of n-bit numbers

↳
Express product as sum of multiplication
of smaller (fewer bits) numbers.

Mult(p , 9)

L ↓ ...

Mult( 19, ) Mult(p) Mult(p , 94YI I U

where bits in Pig smaller !



Split numbers into high & low order bits

P = PnPn-11 PryPre-1 - -
-

P , Po

Pr Pe - Both represent numbers
in 20 ,

1
,

.

.

., 2 - 15

How many
bits ?
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Split numbers into high & low order bits

P = PnPn-11 PryPre-1 - -
-

P , Po

Pr Pe -Both represent numbers
in 20 ,

1
,

.

.

., 2 - 15
9
= 919+=

- -

94941 -1
-

9 ,%

9n 9e

Tax+ b)((x + d)ExLIdentity

-

acx + (ad + bc)x + bd

Consider x = 21
p = P
, 2 + Pe9 = 92 de



P = PrPn-1 "PurPre-1-
-

P , Po 9
= qu9u+

- -

94941 -:
-

9 ,%

Pr Pe In %e

+= (p
,

2" + P)(9
,

2 + (9e

=

Pq ,
2 + (p-9 + Peqn)2

*
+

429



P = PrPn-1 "PurPre-1-
-

P , Po 9
= qu9u+

- -

94941 -:
-

9 ,%

Pr Pe

#9= (P
.

2 + +e) (92

In In

9e(

n/2
=

Pq ,
2 + (P-9e + Pean)2 +

4e9

Note
.

Multiplication by 25 for jeN is itshift



p
+ q

= (p
,

2" + Pe)(9
,
2
*
+ 9)

n/2
=

Pq ,
2 + (P-9e + Pean)2 +

4e9

&

ecursive - Multiply (p , 9) // Base case : single bits.

* Split into Pupe : 9n9e

* Return RM(Priqu) · 2" + (RMPh
,9e) +EM(Perqn)) . 2

*

+ FM(pr , qe)



p
+ q

= (p
,

2" + Pe)(9
,
2
*
+ 9)

n/2
=

Pq ,
2 + (P-9e + Pean)2 +

4e9

&

ecursive - Multiply (p , 9) // Base case : single bits.

* Split into Pupe : 9n9e

* Return RM(Priqu) · 2" + (RMPh
,9e) +EM(Perqn)) . 2

*

+ FM(pr , qe)

RunningTime ?

↑ (n) 1 4 ·T(h) + c - n

z
~ ma

L ↓ bit shifts &

# subprobs . scale of additions of In-bit #s
subprobs .



CurrenceRelations

* Tally up total work
over RecursiveCalls.

RM(p ,9) - C . n

& I -
-- 4 .c



CurrenceRelations

* Tally up total work
over RecursiveCalls.

RM(p ,9) - C . n

& I -
--- 4 .c

1 2 /111/II) /122
-D ------

4 .c() 4c() +c) 4 c) = 16c*

Howmany levels ? Fowmuch work
per
level i ?

i
·
42. = cn - 2d = log, ch zi



CurrenceRelations

* Tally up total work
over RecursiveCalls.

RM(p ,9) - C . n

& I -
--- 4 .c

1 2 /111/II) /122
-D

--- ----
4 .c() 4c() ↑c(G) 4 c) = 16c*

Smover levels
d = logn

E an 2 = cn . (2
%)

i= 0
= O(nz)



OriginalRecurrence

(ax + b)((x + d)

= acx + (ad + bc)x + bd

Karatsuba Recurrence
-

Consider w = (a + b)(c + d) = ac + bc + ad + bd



OriginalRecurrence

(ax + b)((x + d)

= acx + (ad + bc)x + bd

Karatsuba Recurrence -
-

Consider w = (a + b)(c + d) =x+ bc + ad + bd-

= acx + (w - ac - bd)x + bd

=> Only Requires 3 multiplications



Karatsuba Multiply (p , 9) // Base case : single bits

* Split into Pupe : 9n9e

* w = kM(pu + Pe
, 9n

+9)

* h = kM(4n , 9n)
* l = kM(Pe , 9)

Return no 2" + (w - n - 1) .2 + l



Karatsuba Multiply (p , 9) // Base case : single bits

* Split into Pupe : 9n9e

* w = kM(pu + Pe
, 9n

+9)

* h = kM(4n , 9n)
* l = kM(Pe , 9)

Return no 2" + (w - n - 1) .2 + l

RunningTime

T(n) = 3 . T(Y) + con



T(n) = 3 . T(Y) + con

# levels
-

Woh& level i



T(n) = 3 . T(Y) + con

#levels

I = n . (k)
*

= d = logzh
↑ t

base case Shrinkage rate

Woh& level i

# problems : 3
i

~= 32
. (3)

:

size of problems :

-

lotal Work
-



T(n) = 3 . T(Y) + con

#levels

I = n . (k)
*

= d = logzh
↑ t

base case Shrinkage rate

Woh& level i

# problems : 3
i

~= 32
. (3)

:

size of problems :

-

Iotal Work
- C . n. (2) 0(1923)

[0(n159)



Dide& Recurse Running Times

⑭
# subproblems a

--

I

1 Os00G
T(r/b I

caling factor b
- (n/b) T(4(b) +(43)

CommonRecurrence

T(n) 2 . T("/) + O(u) e .g. Merge SortI



Dide& Recurse Running Times

⑭
# subproblems a

--

I

1 Os00G
T(r/b I

caling factor b
- (n/b) T(4(b) +(43)

CommonRecurrence

T(r) = 2 . T("/) + O(v) e .g. Merge Sort

* Aln) work per
level

* Elloga) levels

L On logn (



Dide& Recurse Running Times
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CommonRecurrence

T(u) a . T("(b) + O(u)

Suppose b > a



Dide& Recurse Running Times

⑭
# subproblems a

--

I

1 Os00G
T(r/b I

- (n/b) T(4(b) +(43) caling factor b

CommonRecurrence

T(u) a . T("(b) + O(u)

Suppose b > a

= Work
per level

shrinks at an

exponential Cold wate.

=> O(n)



Dide& Recurse Running Times

⑭
# subproblems a

--

I

1 Os00G
T(r/b I

- (n/b) T(4(b) +(43) caling factor b

CommonRecurrence

T(r) = a . T(" /b) + O(u)

Suppose b < a

=> Work
per level grows at an

exponential Cold wate.

Geometric Sum

& change of basic for logsE
> O(n 1959)


