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* Analysis



E-FulkersonAlgorithm

Initialize fe = 0 fee P .

Repeat.
* Compute Gt the residual of current flow

.

* if there exists an st-path in Gt

I - Push flow along path ↳
"Angmentinga- Update flow f .

* if no st-path in Gt

1 - Return+



ResidualNetwork

* For every edge in G
.

Cur = 30

Q->①
->

fu = 20

↳ two possible Residual edges in Gf

Q ①



ResidualNetwork
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curl = 10 3
FORWARD RESIDUAL

- cfcurl = cor-fur
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ResidualNetwork

* For every edge in G.

Cur = 30

Q->①
->

fu = 20

↳ two possible Residual edges in Gf

curl = 10 3
FORWARD RESIDUAL

- cfcurl = cor-fur

O ①W

- BACKWARD RESIDUAL

ct(vu) = 20 3
ctiru) = fur



Exple . Augmenting path -
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Augment the path w/ 10 units of flow.
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fu fur twu furt
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Example Augmenting path -

-

M "I
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- 10·
0

↓10
sodd

fu fur twu furt

+ 10 +10-10 + 10
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Note
-

* Flows outside of augmenting path unchanged.

* Augmenting path not necessarily a path
in resulting flow



Announcements

* HW#3 Released Today
↳ Involves programming problem .



E-FulkersonAlgorithm

Initialize fe = 0 fee P .

Repeat.
* Compute Gt the residual of current flow

.

* if there exists an st-path in Gt

I - Push flow along path
- Update flow f .

* if no st-path in Gt

1 - Return+



Theren. Ford-Fulkerson computes Max Flow correctly .

* FF Returns a valid flow.

* Flow f * returned by FF S . t .

FlowOutf
*

(s) [ Flow Outf (s)
for all valid flows fo



New notation : for flow f
,
val(f) = FlowOut(s)

·

= 2 fsu
SVE

E
.
For all f

,
val(f) <Cap(s) = [Cor

.

SVcE

of
- All flow must leave

tS->- - Can't push more than total capacity.↳
[Csv
SreE



New notation : for flow f
,
val(f) = FlowOut(s)

·

= 2 fsu
SVE

E
.
For all f

,
val(f) <Cap(s) = [Cor

.

SVcE

of
- All flow must leave

·t->- - Can't push more than total capacity.↳
s

So Cap(s) gives an upper bound on val(f) .

Can we find a tighter upper bound ?



Moregenerally :

st-cut of 6.Consider an
-

Sev T = VIS

partition of vertices sit.

seS teT .



More generally-
Consider an st-cut of G -

-

Sev T = VIS

Sit . seS teT .

->O
O

- ↓- ↓-
⑦

⑤ O
L O--
> ↑L ↓-

O>O

Capacity of an st-cut. Cap(S ,
T) = E Env

UVEE

utS
,
veT

w

edges from S to T .



Eat
.
For all f and any st-cut SEV

val(f) =Cap(S ,
T)

->O
O

- ↓- ↓-
⑦

⑤ O
L O--
> ↑L ↓-

O>O

E Env

UVEE

utS
,
veT

- All flow must leave S
- Can't push more than total capacity leavingcut



So

For every flow network G
,
Sit

,

c : E-
+

max val(f) min Cap(S ,T
flows f

St-cut

S ,
T

->O
O

- ↓-- ⑦
⑤ O
L O--
> ↑L ↓-

O>O



Theorem (Max Flow / Min Cut

For every flow network G
,
Sit

,

c : E- R
+

an+

val(t) = min Cap(s ,+)I max S ,
T

St-cut

O -- ↓-- ↓*-> ⑦
⑤ O

O-

-↑ ↓>>L ->OO-

Finding a maximum flow is equivalent
to finding a minimum st-cut.



Poby Analysis of Ford-Fulkerson
,

Lemma For any flowf
and

any
st . Cut SEV.

-

val(f) = FlowOut" (S) - FlowIntSL

Caim
.

When FF terminates u/f
,
there exists

St-Cut S
,
T such that

val(f) = FlowOut" (S) = Cap(s ,T)



Lemma For any st-cut
.

SEV. and
any flow f-

-

val(f) = FlowOut" (S) - FlowIntSL

=[ far - I fre
ueS

,
veT veT

,
ueS

->O

- ↓-- ⑦
⑤ - O-X ↓-

O S
-

u
,
u'ES "cancel"

> ↑
2

IntuitionO>O Flows between

Similar for v ,
veT

.

Net flow Crosses cut.



Lama. For any st-cut
.

SEV .
and

any flow f.

val(f) = [ far-I fre
ueS

,
veT veT

,
ueS

P val(f) = Flow Out (s)

= Flow Out (s) + [ (FlowOut(u) - FlowIn (n))
uES15]-

O E CONSERVATION

= tru + E-Estin-Etr)
= [Hurl-fun) + 2 for -retforuueS
-

ueS
,

veT

O



Caim
.

When FF terminates u/f
,
there exists

St-Cut S
,
T such that

val(f) = FlowOut" (S) = Cap(s ,T)



Caim.
.

When FF terminates w/f there exists
I

St-Cut S
,
T such that

val(f) = FlowOut" (S) = Cap(s ,T)

Termination Condition : Nest-pathin GF.

Define S = GUEV : u is reachable from s

im 2
- 3

T= VIS .

7a Note : tet by termination
condition

I



Termination Condition : Nest-pathin GF.

Define S = GUEV : U is reachable from s

im 2
- 3

-&
- O

O 2

&

S - --

T

T
-S-⑤- 8-

o

& ⑦
J -&

O&O- S
- 8

G->
-oo

S T



Caim.
.

When FF terminates w/f there exists
I

St-Cut S
,
T such that

val(f) = FlowOut" (S) = Cap(s ,T)

Termination Condition : Nest-pathin GF.

Define S = GUEV : u is reachable from s

in a-3

Weshow

FueS
,
veT : fur = Cur

.

YveT
,
ueS : fr = 0 .

establish the

Claim .



Define S = GUEV : v is reachable from S

in Gf 3.

S T
Suppose ureE .

Claim fur = Cur.
-

Cur
U->
-

fur PF . Suppose fur < Cur
.

O S ⑪

contradicting v not

=> clur) = cur-fur >0

reachable from u



Define S = GUEV : v is reachable from S

in a-3

S T
Suppose Vu - E

.

Claim fur = 0.
-

O- ⑪" <

X*For ? PF · Suppose fur > &

=> clur) = fur > @S
reachable from u
contradicting v not



afTermination Condition : Net-pathin -

-o
- O

-
O 2

E - -S - O -
⑤- 8 - & ⑦

G->S &

J
xO- -&
&O- S
- 8

T- O
E

VueS
,
veT :

fur = Cur. -
YveT

,
ueS :

valif) = [for-Efrs = 2 Cur
fru = 0

.

uES
,
veT Vet

,
utS

utS
,
weT

mu

①
M



Termination Condition : Nest-pathin GF.

↳ only backward residual edges from T to S

o
-0

⑤ 8 · ⑦
&

G

O

S 8

saturated

D& O

=> Every forward edge from S-T

& No flow from T - S



By Max Flow/Min Cut Theorem

S T defined by Ford-Fulkerson Termination
[

is a min cut.

O

O

⑤

G

O

8 si ⑦
O o

o

D O


