
19February 2015 Flow Networks

Plan

* Flow Problem

* Announcements

* Max Bipartite Matching : Reduction to Flow.



MaximumBipartiteMatching

Given Bipartite Graph on vertices U-V.
-o

-

Every edge in E has exactly
1 end point in U and V.

O O 8- -
O O O O-X -- -
O O O O-

U V U V



MaximumBipartite Matching

Given Bipartite Graph on vertices U-V.
-o

-

Every edge in E has exactly
1 end point in U and V

.

Find Maximum Cardinality Matching MCE.-o
-

S
Collection of edges s .

t . every vertex is in at most one edge.

8 O

- -I -O O O OX -- -
O O O O-

U V U V



MaximumBipartite Matching

Given Bipartite Graph on vertices U-V.
-o

-

Every edge in E has exactly
1 end point in U and V

.

Find Maximum Cardinality Matching MCE.-o
-

S
Collection of edges s .

t . every vertex is in at most one edge.

8 O

- -I -O O O OX -- -
O O O O-

U V U V



Questions

* How do we find a feasible matching MEE ?

* How can we certify M is best possible ?



Questions
-

* How do we find a feasible matching MEE ?

* How can we certify M is best possible ?

Answers
-

Reduction to Network Flow



*work Flow Problem
.

Given Directed graph G = (v
, E)--

Source Vertex S

Sink Vertex t

Edge capacitiesC20 FeeE.

sour
T How much can
->o flow though G ?
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*work Flow Problem
.

Flow f
* Assigns quantity
fel0 Vertex Conservation constraints

to each edge. freV /Es ,t3

Flow In (v) = FlowOut (v)
sour
T C tur = [ fun

VWEE

> O fav-

&↑
b for
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v

-> O fut
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* Given Flow Network G , Sit , c : E-R
+

* Find Flow f : E->#+ subject to

CapacityConstraints to
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Network Flow Problem
-

* Given Flow Network G , Sit , c : E-R
+

* Find Flow f : E ->R+ subject to

fe
-CapacityConstraints Ano

Ce

Offe [ Ca VeeE

ConservationConstraints

2 tur = Free fun freV /Es ,t3
UVEE

-> tud

FlowIn
-0- fre Flow Out

- -> fut

#Flow
.

Find Flow -
*

that maximizes Flow Out (s)



Announcements

* Welcome Back- No Homework this week !

* Grading Ongoing
↳ Prelim 1

↳ HW2
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*work Flow Problem
.

* Given Flow Network G , Sit , c : E-R
+

* Find Flow f : E->R+ subject to

apacityConstraina is
2

Offe [ Ca VeeE

areefur = Freefor veVlEst]

MaxFlow .

↳ Fundamental Problem

↳ Many problems can be phrased as MF
.

i. e. Many problems Reduce to MF.
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RacingMax Bipartite Matching to Max Flow

* Reduction is an orithm R.

R

-
Bipartite Matching instances Max Flow instances

Bipartite Graph Flow Network

R(B) = (4 , sit, c)

O

o- ↳ -· -↓ -GO

o
R(B)
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Max FlowRacingMax Bipartite Matching to

* Reduction is an dogrithm R.

R

-
Bipartite Matching instances Max Flow instances

B R(B)

* Requirements .

() If B has a matching M s .t .
IM/zk

then max flow in RIB) is at least K.

(E) If RIB) has max flow at least k,

then B has a matching M st . /M/ = k.



Reduction
-1

On input B = (U ,
V
,
E)

Construct G on vertices U-VvEsit]

B 8:
E

U V



Reduction.
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add directed edge toC

w / capacityCr = 1.
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Reduction.
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V
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Construct G on vertices U-VvEsit]
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Reduction.

On input B = (U ,
V
,
E)

Construct G on vertices U-VvEsit]

↳ For every (u ,v)E
,
add directed edge to C

~ / capacity Cur = 1.

↳ For every neU ,
add (sin) to 4 ~ / cap cou = /

↳ For every veV ,
add (v ,

t) to 6 u/ cap Cut = 1

Ce = 1

R(B)
Ce = 1

·↳ sink

- --
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Max Bipartite Match Algo.

On input B = (U ,
V

,
E)

Run Reduction to Max Flow R(B)

Compute k = Max Flow (R(B))

Return K
. 1/ Returns cardinality of

Max Matching in B
.
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Max Bipartite Match Algo.

On input B = (U ,
V

,
E)

Run Reduction to Max Flow R(B)

Compute k = Max Flow (R(B))

Return K
. 1/ Returns cardinality of

Max Matching in B
.

Time of Reduction -> O(IUHIVE)

RunningTime. E
Time to Solve Max Flow

-> MF (0(n) , 0(m +n)
nodes
/ Yedges
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otof Correctness
.

* Need to show

Max Matching Max Flow

in B = k #) in RIB) = K

*Whatcan we leverage ?

V↳ Defin of matching ->- well in atmost one pair
vev

in M

↳ Flow constraints

CAPACITY - Of fe Ce feeE

CONSERVATION- > Flow In (v) = FlowOut(v) Ever

↳ Properties of Reduction R



Potof Correctness
.

To show
.

() If B has a matching M s.t
. MlIL,

Then max flow in R(B) = k.

O
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Potof Correctness
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To show

f(7) B has a matching M s.t
. MlIk,

then max flow in R(B) = k.
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Potof Correctness
.

To show

f(7) B has a matching M s.t
. MlIk,

then max flow in RIB) = G.

O I OVI T
I I

I--> U2

->
>
Vz

-
->

VI

(·-I O O->>-
-> ②

I - -=>O I O-
I-

U3 Vz I-
S

↑
O

I
O

I
->

v-



(E) If B has a matching M s.t
. /M12k

,

then max flow in R(B) = k.
--

Consider routing 1 unit of flow along each matched
-

edge (n , v) = M

For all (n ,v) =M

fou = fur = fut = 1

For all other edgesfe 0.

We show that f is a feasible flow

that routesk units



(E) If B has a matching M s.t
. /M12k

,

Then max flow in R(B) = k.
--

Consider routing 1 unit of flow along each matched

edge (n , v) = M

By defi . of matching,
ut and veV involved inamost I matched edge

=> Fuel FlowIn(u) = / & EveV Flow Outlv) [ 1
.

V

o
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=> Flow Out (s) = 1 .
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,

Then max flow in R(B) = k.
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Consider routing 1 unit of flow along each matched

edge (n , v) = M

By defi . of matching,
ut and veV involved inamost I matched edge

=> Fuel FlowIn(u) = / & EveV Flow Outlv) [ 1
.

V

o
I

ob
I

00U ⑦
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O O

=> Flow Out (s) = 1 .

=> Capacity constraints on -Q and 00 OK -
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(E) If B has a matching M s.t
. MlIk,

Then max flow in R(B) = k.
--

Consider routing 1 unit of flow along each matched

edge (n , v) = M

By defi . of matching,
utU and veV involved in#most I matched edge

=> Fuel FlowIn(u) = / & EveV Flow Outlv) [ 1
.

Ce = 1 Ce = 1 Ce = 1

⑤- -
& I I

-
Each edge exists in R(B) w/ capacity 1. ~

& Flow is conserved.

CAPACITY & CONSERVATION On > f is feasible !



Potof Correctness
.

To show

f(E) max flow in R(B) = k
I

then max matching in B = l
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Potof Correctness
.

To show

f(E) max flow in R(B) = k
I

then max matching in B=K.

VI
VI

·
O

-
O

↳->
U2 Vz

-
O O>

⑪
->o ⑬

&
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V
-

⑭
-
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Potof Correctness
.

To show
.

(E) If max flow in RIB) = k
I

then max matching in B=K.

⑭
④

⑫ ⑭

⑬ ⑬

⑭ ⑭



(E) If max flow in RIB) = k
I

then max in B2k.
~

watching

Et . If all capacities are integer ,I a max flow

st . feeN feeG

Consider such an integral max flow f.
=> By capacities => fe 2015 Feel

↳ Let M = G(u , v) : ne
,
ver and fur = 13

We prove M is a matching IM1 = k.



Let M = G(u , v) : ne
,
ver and fur = 13

Glam .
M is a matching.

Pf
. By construction in Reduction R

* every ne U has exactly one inredge of cap Cut

* every Ve V has exactly one outredge of cap art=

↑

1 O·O O ⑦
-O O 1
W



Let M = G(u , v) : ne
,
ver and fur = 13

Glam .
M is a matching.

Pf
. By construction in Reduction R

* every ne U has exactly one inredge of cap Cut

* every Ve V has exactly one outredge of cap art=

↑

U

->
1 O
-

O O·X·
O fro

W

1

By conservation constraints-

=> At most 1 unit of flow out of everynel
=> At most 1 unit of flow into every

veV.



Let M = G(u , v) : ne
,
ver and fur = 13

Glam .
M is a matching.

Pf
. By construction in Reduction R

* every ne U has exactly one inredge of cap Cut

* every Ve V has exactly one outredge of cap art=

↑

U

->
1 O
-

O O·X·Fur= I
O
- W

1

By conservation constraints-

=> At most 1 unit of flow out of every ne U

=> At most 1 unit of flow into every
v = V.

=> Every well and veV involved in a most

One edge in My



Let M = G(u , v) : ne
,
ver and fur = 13

Rim . (M1 = 1

Pf
.

Consider the cut in G
,
S = [S50U.
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,
ver and fur = 13

Rim . (M1 = 1

Pf
.

Consider the cut in G
,
S = [S50U.

-10 O->
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S U V

Note S
-

No edges are oriented into

=> Flow Out(s) = h = Flow out of S

= Flow from neU to veV
.



Let M = G(u , v) : ne
,
ver and fur = 13

Rim . (M1 = 1

Pf
.

Consider the cut in G
,
S = [S50U.

-10 O->

O- or->

-- -O O

S U V

Note S
-

No edges are oriented into

=> Flow Out(s) = h = Flow out of S

= Flow fromweU to veV
.

By integrality of fet50 , 13 => K edges have non-zero

flow fromU to V.

=> IMI = 1 .
~




