
20255February Dynamic Programming

Analysis of Edit Dist

Plan

* Review Edit Distance Problem

* Announcements

* Proofs of Alignment
* Extensions



EtDistanceeuys S
,
TGiven

Find minimum sequence of edits-
to turn S into T

S = CRYPTOGRAPHY

T = ENCRYPTING



EtDistanceeuys S
,
TGiven

Find minimum sequence of edits-
to turn S into T

S = CRYPTOGRAPHY

T = ENCRYPTING

Addition to T (cost U (
e

.g. V = 1



EtDistanceeuys S
,
TGiven

Find minimum sequence of etits
to turn S into T

Deletion from S

S = CRYPTOGRAPHY

T = ENCRYPTING

Cost US
e -g. V= 1



EtDistanceeuys S
,
TGiven

Find minimum sequence of edits-
to turn S into T

S = CRYPTOGRAPHY

T = ENCRYPTING

Change Si -> Tj
Cost Asiti



EtDistanceeuys S
,
TGiven

Find minimum sequence of edits-
to turn S into T

S = CRYPTOGRAPHY

T = ENCRYPTING



EtDistanceeuys S
,
TGiven

Find minimum sequence of edits-
to turn S into T

S = CRYPTOGRAPHY

T = ENCRYPTING



Announcements
↑

-

* HWL Due

* AW2 Out Today

* Preline#1

↳ Next Thurs
.

13 Feb 7 :30-9p.

↳ Closed Note
,
Closed Internet

.

* ReviewSession
↳ Saturday Recitation

↳ Next Tues
.

11 Feb 7 -9p

Gates 601



Friday
* Guest Lecture by Prof. Bobby Kleinberg

* Prof
. Kim's OH moved to Monday .



EtDistanceeng S
,
TGiven

Find minimum sequence of etits
to turn S into T

--

S = CRYPTOGRAPHY

T = ENCRYPTING
-

What do we know about

the optimal Solution ?



EtDistanceeng S
,
TGiven

Find minimum sequence of etits
to turn S into T

--

S = CRYPTOGRAPHY

T = ENCRYPTING
-

Fact 1 In every sequence of edits,
-

each character in S is either

* Deleted

* Changed/Aligned into T



EtDistanceeng S
,
TGiven

Find minimum sequence of etits
to turn S into T

--

S = CRYPTOGRAPHY

T = ENCRYPTING
-

Fact 2 In every sequence of edits,
-

each character in T is either

* Added

* Changed/Aligned from S



Fact 1 + Fact 2 => Exhaustice Case Analysis

Cases
*In is deleted

* Tm is added

#Atleast one of them is aligned/changed .



Fact 1 + Fact 2 => Exhaustice Case Analysis

Indeleted

CRYPTOG

ENCRY

edit distance

edit distance [
between S[in-1] and T

Sbetween and T-

+2



Fact 1 + Fact 2 => Exhaustice Case Analysis

addedIis

CRYPTOG

ENCRY

edit distance

between S and T(l : m -1]
edit distance

between S andT
+y



Fact 1 + Fact 2 => Exhaustice Case Analysis

Aleast one aligned ?

CRYPTOG E
What happened ?

ENCRY
-

CRYPTOG

ENCRY5
What happened ?



Fact 1 + Fact 2 => Exhaustice Case Analysis

#leastXue aligned ?
In aligned w/ Tm

CRYPTOG

ENCRY

edit distance

between S[in] and Thim-)
edit distance E

between S and T -

+ Asim



Fact 1 + Fact 2 => Exhaustice Case Analysis

Cases
*In is deleted

* Tm is added

*In aligned to Tm I
DRecurrence

Edit distance
Ut between Slin-1] and T

between S and
min

y t Edit distance
between S and Thim-1]

Edit Distance 5
SuTmt between Stir-1 and
S Edit distance

TCl:m - 1]



Correctness
.
Consider the recurrence ED

-

given as

ED(n-1
,

m - 1) + AsnTm
,

min ED(n - 1
,
m) + yED(n , m) = EED(n

,
m - 1) + 1

/ 3
where

ED (0
, 0) = 0

,
ED(1 , 0) = W

,

ED(o , 1) = 0
.

-

Theorem
--

For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance

between S and T
= ED(n

, m)
.



EditDistance Algorithm

ED(0 ,
0) = 0

ED (i ,
0) = i . j

ED(0 , j) = joy

For i = 1 -> u

For j = 1-> m

11 ED(i , j) = min ED(i+, j - 1) EDlit , j),ElijE
+Asity +2

return ED (n
, m)



YPTOGRAPHY
O V 28 --- - 128

-↓-E S Ace --- -

Each

entryCi ED(i- 1
,ji) ED(i , j - 1) requires

*
3 probesi ⑪- ↓

ED(i
, j)x into prior3

T
ED(i

,j) entries.

N

I
28

LI i
N

G 10

ED(n
,m)
-



EditDistance Algorithm

ED(0 ,
0) = 0

ED (i ,
0) = i . j *reHe iseED(0 , j) = joy Olnm) time

For i = 1 -> u

For j = 1-> m

I I ED(i , j) = minGED(i+, j - 1) EDlit , j),Elij+Asity +2

return ED (n
, m)



Edit Distance = Sequence Alignment

CRYPTO GRAPHY
111111 I

ENCRYPTING

An aliment is a non-crossing matching.
=D Algorithm computed the distanceL

Can we compute the alignment ?



YPTOGRAPHY
O V 28 --- - 128

-↓↓
TE S Ace -tea

↓ --

N 28 Treat

graph

C ~

ratever
DP Table

T entriesifL as a

I -> E

N
i - vertices

3U+

138
+sI 48SoIY OI

G 10
- - -

- 88+A-

min ED alignment = shortest path transitions
= edges

diagonal edges = alignment.



Theorem
--

For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

between S and T
= 10 , 0)-(n ,

m)

in ED Graph

(0 , 0)
⑨YPTOGRAPHY
OV 28 . --- -

-
E S↳Se
N 28

2CRYPTO GRAPHY

N

I~

ratever
M

ENCRYPTING ·
111111 I :LI i T

G 10
----88+Do

3U+

1345048-5
.Y (n ,m)
I ⑧ I

=> Can reconstruct alignment via

diagonal edges.



Fact 3 =

very path from (0 ,0) to (n ,m)W

in the ED Graph uses one of

three edges :

n- 1
,
m

-1)(
* (n - 1

,
m) - (n , m)

O ⑭
* (n ,

m - 1) -> (n , m) & ↓
= (n - 1

,
m - 1) -+ (n ,m)

z O(n-1 , m)
- (n ,m)



Theorem
--

For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

-

between S and T
- 10 , 0)-(n ,

m)

in ED Graph

-

Proof By induction on n + m .

* two base cases (direct analysis (

* Inductive Step (based on ED Recurrence

& Fact 3 C



For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

-

between S and T
-

10 , 0)-(n ,
m)

in ED Graph
-

BaseCases n +m = 0
,

and n + m = 1

When n +m = 0
,

ISl = IT = 0
·

so both strings equal the empty string.

S = X1T = /



For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

-

between S and T
-

10 , 0)-(n ,
m)

in ED Graph
-

BaseCases n +m = 0
,

and n + m = 1

When n +m = 0
,

ISl = IT = 0
·

so both strings equal the empty string.
S = 11 T = /

shortest path
Edit Distance

between "" and
x = 0 = 10 , 0)- 10 , %)

in ED Graph



For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

between S and T
= 10 , 0)-(n ,

m)

in ED Graph
-

BaseCases n +m = 0
,

and n + m = 1

When n +m = 1
,
then ISl = 1 and ITE0.

(or vice versal
17

s =" T =
VY/

Scan be turned to T via one deletion

Edit Distance

between "C"and""
= Y



For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

-

between S and T
- 10 , 0)-(n ,

m)

in ED Graph
-

BaseCases n +m = 0
,

and n + m = 1

* The Vertex (1 , 0) has 1 in-edge
* from 10,0 w/ Length J

⑭ i-
shortest path

-- 10 , 0)-(1 ,
%) = z

in ED Graph



For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

between S and T
= 10 , 0)-(n ,

m)

in ED Graph
-

BaseCases n +m = 0
,

and n + m = 1

When n +m = 1
,
then ISl = 1 and ITE0.

shortest path
Edit Distance

between "C"and"
= V = 10 , 0)-(1 ,

%)

in ED Graph

(0 ,0)-> (0, 1) similar



For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

between S and T
= 10 , 0)-(n ,

m)

in ED Graph
-

InductiveStep

# Fij such that itj n + m

Edit Distance
shortest path

between S[ii] and Thij)
= (0 , 0)-(i , j)

in ED Graph



For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

between S and T
= 10 , 0)-(n ,

m)

in ED Graph
-

InductiveStep

First
,

Recall ED Recurrence ·

Edit distance
Ut between Slin-1] and T

Edit Distance

between S and
min5y t Edit distance

between S and Thim-1]

S Edit distance
SuTmt between Stir-1 and

TCl:m - 1]



For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

-

between S and T
-

10 , 0)-(n ,
m)

in ED Graph
-

InductiveStep

By Fact 3 ,
(n

,
m) has 3 in-edges ,

so shortest path
-

S tis the min of in-edge wh
shortest path to neighbor.

O10is
↳ (n - 1

, m - 1)
(n ,

m - 1)
shortest path from3 -) (W = 10,0- ( , m)

SuTm

⑭(n - 1 , m)-> 1 , 1

z



For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

between S and T
= 10 , 0)-(n ,

m)

in ED Graph
-

InductiveStep

By Fact 3 ,
(n

,
m) has 3 in edges, so shortest path

-

S tis the min of in-edge wh
shortest path to neighbor.

Shortest path from
Ut (0 ,0) - (n - 1

, m)

min
X +

Shortest path from shortest path from5
SuTmt

(0 , 0) -> (n ,
m - 1)

= 10, 01 -> (n , m)
S Shortest path from

(0 ,0 - (n - 1
,

m - 1)



For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

between S and T
= 10 , 0)-(n ,

m)

in ED Graph
-

InductiveStep

By EH .

Replace ED w/ SP for ity < n +m

Shortest path from
↓t didistance e T - Ut (0 ,0) - (n - 1

, m)-

8 +
Edit distance

- 8 +
Shortest path from

between S and Thim-1] -

(0 , 0) -> (n ,
m - 1)

*SuTmt
Edit distance

-

*SuTmt
Shortest path from

between Stir-1 and -

TCl:m - 1]
(0 ,0 - (n - 1

,
m - 1)

= ED(S
,T) = SP10

,0 (n ,m)



Theorem
--

For any n
,
meN

. Suppose ISI = n
,
ITEM.

Edit Distance
shortest path

-

between S and T
- 10 , 0)-(n ,

m)

in ED Graph

~

In other words
,

Edit Distance reduces
-

to single source shortest path.

↳ Bellman-Ford generalizes ED .



-pacecomplexity ? TableReducing the

EO(n .m)

YPTOGRAPHY
entries.

O --- - 128

·E SSe --- -

28
Each

ED(i+ 1
,ji) ED(i , j - 1) requires
24

3 probesi ⑭ED(i
, j)x

↓ into prior%L entry

ED(i
,j) entries.

II
G 10



Reducing the-pacecomplexity ?

YPTOGRAPHY
V 28 --- - 128

-↓
= -L S Ace --- -

28
Each

i ED(i- 1
,ji)

3

ED(i
, j - 1) requires% - ↓

entry

*
3 probes

ED(i
, j)x into prior

T
ED(i

,j) entries.

N
L colum

I i ↳ From prev

G 10 from top to

bottom .



LinearSpace ED .

Prev(j) = j . y

//m-entry 1D arrays

Curr(j) = 0

For i = 1 -> u

Curr(0) = i . j

For j = 1-> m

E 3I I Curr(y) = min Previi) , Perly) , Curlya

1 Prev = Curr.

return Curr (m).



Reducing the-pacecomplexity ?

44PTOGRAPHY
--- 128

E-
-

28
Each

entry

i EDIT
requires

into priorIL 3 probes

entries.

I ↳ From prev
colum

G 10 from top to

bottom .

↑ prem curr



Theorem There exists an algorithm-

solving The Edit Distance problem

running in Olum) time

using Olmin En , my) space.


