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. Independent Set-a
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Propertiesof an optimal solution SEV.

① Q-O--D---

V1 Vz--- V Vn-2 Vn-1 Vn

-

Pi (path up
to i)

-
Pr Lentine path graph)

n

Pi (singleton path)



Propertiesof an optimal solution SEV.

⑭ ①-O------

V1 Vz--- V Vn-2 Vn-1 Vn

-

Pi (path up
to i)

IS(Pi)= weight of max IS in P:
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Propertiesof an optimal solution SEV.

①--0 .......
--Wn-2

V1 Vz--- Vn-2 Vn-1 Vn

CaseAnalysis
* VIS

=> WIS(in) = WIS(Pn+ )
↳ Every verted in Pn-1 is feasible

* UnES

↳ Un-ieS => WIS(in) = Wn + WIS (in -2)

↳ Every vertex in Puzz is feasible
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ImbiningCases

Theorem. (WIS Recurrence

WIS(Pr) = max &
WIS(Pn-1) 3Wn + WIS (Pn-2)

-

# By case analysis on previous slides .

* Two exhaustive cases VES AND S

* UndS => WIS(Pn) =WIS (Pn-1)

* VueS => WIS(Pr) = WIS(Pn-z) + Wa



Global Solution expressed in terms
-

of Stationsto Subproblems

↓ L I
WIS(Pn) WIS(Pn - 1) WIS(Pn-2)



DynamicProgramming
* Search over all possible solutions

(in contrast to greedy)

* ExploitStructure based on subproblems

to avoid exponential blow-up

(search implicitly



WIS(P) = max &
WIS(Ph -), 3Wn + WIS (Pn-2)

~

ComputeWIS(Pr)
·

// Base Cases

Let Wm < ComputeWIS (Pr-1)
Let Waz < Compute WIS (Pu-z)

return max [Way ,
wa + Wuz]
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Claim
. ComputeWIS returns the maximum weight

independent set on a path correctly.

↳ Follows from proof of Recurrence
-

ComputeWIS(Pr) · //Returns WIS(Pu)

if k = 0, return O

if k = 1 ,
return WL

Let Wm < ComputeWIS (Pr-1)
Let Waz < Compute WIS (Pu-z)

return max [Way ,
wa + Wuz]



Whatabout Running Time ?

ComputeWIS(Pr) · //Returns WIS(Pu)

if k = 0
,

return O

if k = 1 ,
return WL

Let Wm < ComputeWIS (Pr-1)
Let Waz < Compute WIS (Pu-z)

return max [Way ,
wa + Wuz]



Whatabout Running Time ?

T (k) = Running Time on paths of l vertices

ComputeWIS(Pr) · T(u)

if k = 0
,

return O

if k = 1 ,
return WL

Let Wm < ComputeWIS (Pr-1) T(u - 1)

Let Waz < Compute WIS (Pu-z) T(u -2)

return max [Way ,
wa + Wuz]



What-AboutRunning Time ?

T(k) IT(u - 1) + T(u -2)

ComputeWIS(Pr) · T(u)

if k = 0
,

return O

if k = 1 ,
return WL

Let Wm < ComputeWIS (Pr-1) T(u - 1)

Let Waz < Compute WIS (Pu-z) T(u -2)

return max [Way ,
wa + Wuz]
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T(k) = T(r -1) + T(k -2)

= 2 . T(u-2)

= 2 . (2 . T(r -4))
i
k/2

2 2

T(k) ? 2
k/2

Exponentialtime !

But the whole point was to avoid

Exponential Time...
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The Dynamic Programming Table

* Many of the recursive calls we make

are redundant !
-

Eden Record (aka "memoize") the
answers as we go .

Fill in a Dynamic Programming Table

&W =#--11 _
↑

W[R] = max[W[r-1] , wa+W[R-2]]



Global W = [ -1
,
1, . - . -

,

-1]
WISnt Memorized WIS(Pn(

MenoizedWIS (Pr) ·

if k=0
,

return O

if h = 1
,

return Wa.

if w[k-1] = - 1 :

W[k-1] = Memorized WIS (Pu-1)

if w[k-2] = - 1 :

W[k-2]<Memorized WIS (Pu-2)
return max [Win-1] , wa + W(n-2]]



Global W = [ -1
,
1, . - . -

,

-1]
WISnt Memorized WIS(Pn( RunningTime ?

MenoizedWIS (Pr) · * How many times is

W updated ?
if k=0

,

return O

if h = 1
,

return Wa.

if w[k-1] = - 1 :

W[k-1] = Memorized WIS (Pu-1)

if w[k-2] = - 1 :

W[k-2]<Memorized WIS (Pu-2)
return max [Win-1] , wa + W(n-2]]



Claim. Memorized WIS runs in O(n) time.

IntuitiveArgument W updated at mosta times

Formal
.
Induction on length of path-
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· Recursive Formulation conceptually nice.
* Dynamic Programs always have an

equivalent iterative formulation

-fillsin the DP Table directly

Iterative WIS(Pr) ·

Let W = [ -1,7 ,
---

, - 7]
W(o] = 0

,
W[l] = we

for K = 2, . . - .
n :

W(k] < max & WCK-1] , Wa +W(k-2]]
Return W[n]



Iterative WIS(Pr) ·

Let W = [ -1,7 ,
---

, - 7]
w[o] = OW[l] = We

for K = 2, . . - .
n :

W(k] < max & WCK-1] , Wa +W(k-2]]
Return W[n]

-IIII

O
Wh



Iterative WIS(Pr) ·

Let W = [ -1,7 ,
---

, - 7]
w[o] = OW[l] = We

for K = 2, . . - .
n :

W(k] < max & WCK-1] , Wa +W(k-2]]
Return W[n]

·I I I

filling each entry
probes 2 prior entries.


