
CS 2800 Spring 2019
Final exam Friday, May 17

Please turn off and remove from sight all mobile phones, tablets, and any other devices that
might interrupt the exam.

Full Name:

NetID:

Instructions. The exam is 11 pages long. Make sure you have the entire exam—sometimes
copy machines fail.

There are 10 problems in the exam. You will have 150 minutes to work on the problems.
The exam is worth 150 points total. The point breakdown for each problem is printed with
the problem. You will likely find some problems easier than others, so read all the problems
before beginning, and use your time wisely.

Books, notes, calculators, laptops, and carrier pigeons are all disallowed. You may leave
mathematical expressions unevaluated (e.g. just write 17 · 3 instead of 51).

Problems will be graded both on process and correctness; if you get stuck on a proof
or need to skip steps, make sure the structure of your argument is clear. Unless stated
otherwise, you must justify your answers.

If you have questions during the exam, please raise your hand and wait for a proctor to
come to you. If you finish the exam early, you may turn it in and leave quietly. However,
if you finish in the final 5 minutes, please remain in your seat as a courtesy to your fellow
students. Do not leave the room without submitting this exam booklet.

If you need more space for a question, use the back of your booklet, and write a clear
note indicating that you did so.

Declaration of academic integrity. Academic integrity is expected of all students at all
times, whether in the presence or absence of members of the faculty. Understanding this, I
declare I shall not give, use, or receive unauthorized aid in this examination. I acknowledge
that the minimum penalty for violating academic integrity is failure of the exam.

Signature

Do not open the exam booklet until instructed to begin.
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1. Metalogic [10 pts] Consider the following proof tree:

(b)

· · · ` P ∧Q
assum

· · · ` Q
∧ elim

· · · ` P → ¬Q assum
· · · ` P ∧Q

assum

· · · ` P
∧ elim

· · · ` ¬Q (a)

· · · , P ∧Q ` ¬(P ∧Q)
absurd · · · ,¬(P ∧Q) ` ¬(P ∧Q)

assum

P → ¬Q ` ¬(P ∧Q)
∨ elim

` (P → ¬Q)→ ¬(P ∧Q)
→ intro

(a) [2 pts] Identify the rule used in the step labeled (a) above:

(b) [2 pts] What should go in the portion of the tree labeled (b) above?

(c) [6 pts] Convert the proof tree to an English proof
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2. Probability [15 pts] Event E is evidence in favor of event H if Pr(H | E) > Pr(H),
and is evidence against H if Pr(H | E) < Pr(H). Prove that if E is evidence in favor
of H then E is evidence against H. (You may assume that 0 < Pr(E) < 1).
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3. Probability [20 pts] In this question, we will randomly generate a bit string of length
three (that is, a sequence of 0s and 1s of length 3). You may assume that each string
is selected with probability 1/8.

(a) [4 pts] Give a reasonable sample space for this experiment.

(b) [8 pts] Let E be the event that the bit string contains an odd number of 1s, and
let F be the event that the bit string starts with a 1. Are E and F independent?
If so, prove it; If not, explain why. (Make sure that you carefully define the events
E and F .)

(c) [8 pts] Let N be the random variables giving the number of 1’s in the string,
and let I1 be the random variable giving the the first bit of the string. Are N and
I1 independent? If so, prove it; If not, explain why.
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4. Probability [10 pts] Suppose we roll 8 fair six-sided dice independently and count the
number of pairs showing the same value. Each die can be part of multiple pairs: for
example, if we roll the same number 4 times it would count as 6 pairs.

(a) [3 pts] If we roll the same number k times, how many pairs would we count for
that number?

(b) [5 pts] Find the expected number of pairs rolled.

(c) [2 pts] Apply Markov’s inequality to give a bound on the probability that there
are at least 12 pairs.
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5. Combinatorics [10 pts] Give a combinatoric proof that
∑n

i=0 i = n(n+1)
2

.

6



NetID:

6. Regular expressions [10 pts] Give an ε-NFA that recognizes L((10 + 01)∗).
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7. Induction [20 pts] The Catalan numbers Ci are defined inductively by the equations
C0 := 1 and Cn+1 :=

∑n
i=0CiCn−i.

Prove by induction that for all n > 0, Cn ≤ nn. Be sure to indicate which kind of
induction you are using, where you use your inductive hypothesis, and which inductive
hypothesis you use.
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8. Well-defined function [15 pts]

(a) [5 pts] Write down Euclid’s GCD algorithm:

(b) [10 pts] Let g : Zm → N be given by g([a]m) := gcd(a,m). Prove that g is
well-defined.
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9. Sets of functions [20 pts] Recall that the PMF of a T -valued random variable X is
the function PMFX : T → R given by PMFX(x) := Pr(X = x).

Now, consider the function PMF which, on input X, outputs PMFX .

(a) [4 pts] Use the [X → Y ] notation to give the domain and codomain of PMF.

PMF : −→

(b) [8 pts] Prove or disprove: PMF is injective.

(c) [8 pts] Prove or disprove: PMF is surjective.
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10. Quantified statements [20 pts]

We say that x0 is an infimum of X if ∀x ∈ X, x0 ≤ x. We say that X is closed below
if there is some x0 ∈ X such that x0 is an infimum of X.

(a) [4 pts] Which of the following statements is equivalent to “X is not closed
below”?

• ¬∃x0 ∈ X, ∀x ∈ X, x0 � x

• ∀x0 ∈ X, ∃x /∈ X, x0 � x

• ∀x0 ∈ X, ∃x ∈ X, x0 � x

• ∀x0 /∈ X, ∃x /∈ X, x0 � x

• ∃x ∈ X, ∀x0 ∈ X, x0 � x

(b) [8 pts] Prove that if X and Y are closed below that X ∪ Y is closed below.

(c) [8 pts] Disprove the following claim: if X and Y are closed below then X ∩ Y is
closed below.
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