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Instructions. The exam is 14 pages long. Make sure you have the entire exam—sometimes
copy machines fail.

There are 10 problems in the exam. You will have 150 minutes to work on the problems.
The exam is worth 150 points total. The point breakdown for each problem is printed with
the problem. You will likely find some problems easier than others, so read all the problems
before beginning, and use your time wisely.

Books, notes, calculators, laptops, and carrier pigeons are all disallowed. You may leave
mathematical expressions unevaluated (e.g. just write 17 · 3 instead of 51).

Problems will be graded both on process and correctness; if you get stuck on a proof
or need to skip steps, make sure the structure of your argument is clear. Unless stated
otherwise, you must justify your answers.

If you have questions during the exam, please raise your hand and wait for a proctor to
come to you. If you finish the exam early, you may turn it in and leave quietly. However,
if you finish in the final 5 minutes, please remain in your seat as a courtesy to your fellow
students. Do not leave the room without submitting this exam booklet.

If you need more space for a question, use the back of your booklet, and write a clear
note indicating that you did so.

Declaration of academic integrity. Academic integrity is expected of all students at all
times, whether in the presence or absence of members of the faculty. Understanding this, I
declare I shall not give, use, or receive unauthorized aid in this examination. I acknowledge
that the minimum penalty for violating academic integrity is failure of the exam.

Signature

Do not open the exam booklet until instructed to begin.
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1. Combinatorics [8 pts] A simple cycle through n points is a path that ends where
it starts and goes through each of the points exactly once (the cycle may cross itself
outside of the n points). We will consider two cycles to be the same if they connect the
same points to each other.

For example, here are the (only) three simple cycles through the 4 points a, b, c, and d:

a b

dc

a b

c d

a

d

b

c

You might label these abdc, abcd, and adbc respectively.

Note that there is only one simple cycle through three points.

How many simple cycles are there through n points?

2



NetID:

2. Combinatorial proof [10 pts] In this question, we give a combinatorial proof that for
all n ≥ 0 and 0 ≤ r ≤ n,

n∑
k=r

(
n

k

)(
k

r

)
=

(
n

r

)
2n−r

.

Let A = {a1, . . . , an}.

(a) [4 pts] Describe a process for creating an object that can be completed in∑n
k=r

(
n
k

)(
k
r

)
different ways.

(b) [4 pts] Describe a process for creating an object that can be completed in
(
n
r

)
2n−r

ways.

(c) [2 pts] Describe how to convert an object described in part (b) into one of the
objects described in part (a).

3



NetID:

3. Probability [20 pts] Suppose a bag contains two dice: a four-sided die and a six-
sided die. A die is selected from the bag and is rolled. You may make the following
assumptions:

P1: Each die has a 50% chance of being selected

P2: The dice are fair: the probability of rolling each number on the 4 sided die is 1/4
and the probability of rolling each number on the 6 sided die is 1/6.

(a) [5 pts] Give a reasonable sample space for this experiment.

(b) [10 pts] Find the probability of rolling a 3. Show your work:

• Every number should be labeled and justified

• List the outcomes in every event you mention

(c) [5 pts] Suppose a 3 is rolled. What is the probability that the 4-sided die was
selected?
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4. Variance [13 pts]

(a) [5 pts] Let X be a random variable with the following PMF:

x PMFX(x)
0 1/4
1 1/2
2 1/4

Compute Var(X) and Var(2X). You may use any results proved in lecture.

(b) [3 pts] A student incorrectly claims that V ar(2X) = 2V ar(X) using the following
argument: “Since 2X = X + X we have Var(2X) = Var(X + X) = Var(X) +
Var(X) = 2Var(X).” Briefly explain the flaw in this proof.

(c) [5 pts] A second student thinks we showed that Var(cX) = c2Var(X) for a
constant random variable c, but they can’t remember the proof. Help them out by
proving this claim.
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5. Hashing [28 pts] Let H be a nice family of hash functions that hash values in the set
X producing hashes in the set Y = {1, 2, . . . , 10}. Suppose we hash 40 distinct values
x1, x2, . . . , x40.

(a) [5 pts] Complete the following assertions, using the fact that H is “nice”:

(i) Pr(Hxi
= 7) =

(ii) and are independent for all i 6= j

(b) [8 pts] Let N be the number of values that hash to 7 (i.e. with Hxi
= 7). Find

E(N). Show your work, being sure to indicate where you are using the fact that
H is nice. Hint: write N as a sum of indicator variables.

(c) [5 pts] Use Markov’s inequality to give an upper bound on the probability that
at least 10 values hash to 7.
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(d) [5 pts] Find the variance of N . Show your work, being sure to indicate where
you are using the fact that H is nice.

(e) [5 pts] Use Chebychev’s inequality to give an upper bound on the probability
that at least 10 of the xi hash to 7. Hint: if N ≥ 10 then N −E(N) ≥ 10−E(N).
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6. Logic [16 pts]

(a) [4 pts] Suppose we add the following proof rule to our list of natural deduction
rules:

· · · ` ϕ→ ψ

· · · ` ϕ (→ magic)

Is the resulting proof system sound? Explain.

(b) [4 pts] Is the proof system in part (a) complete? Explain.

(c) [4 pts] Suppose that instead, we remove all proof rules except for the following:

. . . , ϕ ` ϕ (assum)
· · · ` ϕ · · · ` ψ
· · · ` ϕ ∧ ψ (∧ intro)

· · · ` ϕ→ ψ · · · ` ϕ
· · · ` ψ (→ elim)

Is the resulting proof system sound? Explain.

(d) [4 pts] Is the proof system in part (c) complete? Explain.
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7. Induction [15 pts] Recall that a natural number n is composite if n = ab for some
natural numbers a and b, both greater than 1, and that n is prime if it is not composite.

Prove inductively that for every natural number n > 1, there exists a sequence p1, p2, . . . , pa
of prime numbers such that n = p1 · p2 · · · pa. Be sure to clearly state what kind of in-
duction you are using.
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8. Number theory [10 pts]

(a) [2 pts] What is ϕ(19)?

(b) [5 pts] Use Euler’s theorem and fast exponentiation to find [3]−1
19 .

(c) [3 pts] Use your answer to find Bézout coefficients of 19 and 3.
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9. Functions [15 pts] Let F : [(X × Y )→ Z]→ [(Y ×X)→ Z] by the function given
by F (f) := gf where gf : Y ×X → Z is given by gf (y, x) := f(x, y).

(a) [5 pts] Complete the following picture:

(x1, y1)

(x1, y2)

(x2, y1)

(x2, y2)

z1
z2
z3




F =

(b) [10 pts] Prove that F is bijective
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10. Automata and regular expressions [15 pts] Recall that the set RE of regular expressions
is given inductively by

r ∈ RE ::= a | ∅ | ε | r1r2 | r1 + r2 | r∗

Prove inductively that for every regular expression r, there exists an ε-NFA M with
L(M) = L(r). Be sure to clearly state your inductive assumptions.

If your proof involves building automata, you do not need to prove that they are correct.
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