
Discrete Structures Final
CS2800 Spring 2015 May 18, 2015

Instructions: This is a 150 minute exam. Please answer the following questions in the provided booklet.
Ensure that your name and netid are on your exam booklet. Clearly indicate your answer to each question.
Books, notes, calculators, laptops, and carrier pigeons are all disallowed. You may leave mathematical
expressions unevaluated (e.g. just write 17 ·3 instead of 51). Unless otherwise stated, you may use any result
proved in class, a homework, or a previous exam in this semester without proof.

This exam has 10 (TEN) QUESTIONS, totaling 32 POINTS, and an ADDITIONAL SECTION
with useful definitions. Please turn the page over!

1. [3 points] Let A and B be two independent events in a probability space (S, P ), that is,

P (A ∩B) = P (A)P (B)

Prove that A and B′ (the complement of B, i.e. S \B) are also independent. That is, prove that

P (A ∩B′) = P (A)P (B′)

You may use any results proved in class without proof. Hint: Observe that A = (A ∩B) ∪ (A ∩B′).

2. [3 points] Grumpy Cat and Happy Cat are engaged in a perennial war. The war is played out over
several individual battles, also known as “lectures”. In a particular semester, the instructors are Mike
and Sid. Mike teaches 25 lectures, and Sid teaches 15 lectures. When Mike lectures, Happy Cat wins
70% of the time; and when Sid lectures, Grumpy Cat wins 90% of the time. You missed a lecture that
semester, and asked your friend to fill you in. The friend mentioned in passing that Grumpy Cat won
that lecture. What is the probability that Sid taught the lecture?

3. [2 points] Happy Cat has been shown the following proof, and has promptly turned into Grumpy Cat.
Briefly but clearly identify the error which has induced grumpiness.

To prove: The language L = {1n | n is an odd natural number} is not DFA-recognizable.

Proof. Assume there is some DFA M with k states that recognizes L. Let x = 12k+1. Clearly,
x ∈ L and |x| ≥ k. Therefore according to the Pumping Lemma, we can split x into three
parts u, v and w, such that |uv| ≤ k, |v| ≥ 1, and uviw ∈ L for all natural numbers i. For v
of odd length, |uv2w| = 2k+ 1 + |v|, which is even. Hence uv2w is not in L. This contradicts
our assumption that there is a DFA which recognizes the language.

4. [3 points] Suppose A and B are sets such that there exists a surjective function f : A → B. If B is
uncountable, what can you say about the cardinality of A? Prove your answer.

5. [3 points] Consider the relation ∼ on Z× (Z \ {0}) defined by (i, j) ∼ (k, `) if i` = jk.

(a) [2 points] Prove that ∼ is an equivalence relation.

(b) [1 point] Choose two different equivalence classes of ∼, and list three representatives of each.

6. [3 points] Prove by induction that for any integer n ≥ 3, n2 − 7n+ 12 is non-negative.

7. [2 points] Write a regular expression that matches strings that represent multiples of 9 in base 3. Use
only the standard notation introduced in class; this notation is documented in the appendix.
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8. [6 points] We define a set S of functions from Z to Z inductively as follows:

Rule 1. For any n ∈ Z, the translation (or offset) function tn : x 7→ x+ n is in S.

Rule 2. For any k 6= 0 ∈ Z, the scaling function rk : x 7→ kx is in S.

Rule 3. If f and g are elements of S, then the composition f ◦ g ∈ S.

Rule 4. If f ∈ S and f has a right inverse g, then g is also in S.

In other words, S consists of functions that translate and scale integers, and compositions and right
inverses thereof.

(a) [1 point] Show that the function f : x 7→ 3x+ 17 is in S.

(b) [3 points] Use structural induction to prove that for all f ∈ S, f is injective. You may use without
proof the fact that the composition of injective functions is injective.

(c) [2 points] Give a surjection φ from S to Z (proof of surjectivity not necessary). Remember that
this surjection must map a function to an integer, and for every integer there must be a function
that maps to it.

9. [4 points]

(a) [2 points] Recall Bézout’s identity from the homework: for any integers n and m, there exist
integers s and t such that gcd(n,m) = sn + tm. Use this to show that if gcd(k,m) = 1 then [k]
is a unit of Zm.

(b) [1 point] Use part (a) to show that if p is prime, then φ(p) = p− 1.

(c) [1 point] Use Euler’s theorem to compute 338 mod 37 (note: 37 is prime).

10. [3 points] Prove that a finite undirected graph G is a tree if and only if there is a unique path between
every pair of vertices.

Definitions

• Given a finite set Σ, the set Σ∗ is defined inductively by the following rules:

1. ε ∈ Σ∗.

2. for all x ∈ Σ∗ and a ∈ Σ, xa ∈ Σ∗

• The set RE of regular expressions with alphabet Σ is defined inductively by the following rules:

1. ∅ ∈ RE
2. ε ∈ RE
3. for all a ∈ Σ, a ∈ RE
4. for all r1, r2 ∈ RE, the concatenation r1r2 ∈ RE
5. for all r1, r2 ∈ RE, the alternation r1|r2 ∈ RE
6. for all r ∈ RE, r∗ is also in RE.

• Given a transition function δ : Q×Σ→ Q, the extended transition function δ̂ : Q×Σ∗ → Q is defined
inductively by

1. δ̂(q, ε) = q

2. δ̂(q, xa) = δ(δ̂(q, x), a)

• The language L(M) of a DFA M is the set of all strings that are accepted by M , or in other words,
the set

L(M) = {x ∈ Σ∗ | δ̂(q0, x) ∈ F}
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