
CS 2800 Fall 2017
Final exam Friday, December 8

Please turn off and remove from sight all mobile phones, tablets, and any other devices that
might interrupt the exam.

Full Name:

NetID:

Instructions. The exam is 14 pages long. Make sure you have the entire exam—sometimes
copy machines fail.

There are 9 problems in the exam. You will have 150 minutes to work on the problems.
The exam is worth 75 points total. The point breakdown for each problem is printed with
the problem. You will likely find some problems easier than others, so read all the problems
before beginning, and use your time wisely.

Books, notes, calculators, laptops, and carrier pigeons are all disallowed. You may leave
mathematical expressions unevaluated (e.g. just write 17 · 3 instead of 51).

Problems will be graded both on process and correctness; if you get stuck on a proof
or need to skip steps, make sure the structure of your argument is clear. Unless stated
otherwise, you must justify your answers.

If you have questions during the exam, please raise your hand and wait for a proctor to
come to you. If you finish the exam early, you may turn it in and leave quietly. However,
if you finish in the final 5 minutes, please remain in your seat as a courtesy to your fellow
students. Do not leave the room without submitting this exam booklet.

If you need more space for a question, use the back of your booklet, and write a clear
note indicating that you did so.

Declaration of academic integrity. Academic integrity is expected of all students at all
times, whether in the presence or absence of members of the faculty. Understanding this, I
declare I shall not give, use, or receive unauthorized aid in this examination. I acknowledge
that the minimum penalty for violating academic integrity is failure of the exam.

Signature

Do not open the exam booklet until instructed to begin.
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1. Modular arithmetic [9 pts]

(a) [5 pts] Let djdj−1 . . . d2d1d0 be the base 10 representation of n. Use equivalence
classes to prove that if n is a multiple of 3, then the sum of the di is also a multiple
of 3.

(b) [1 pt] List the units of Z9.

(c) [3 pts] Use Euler’s theorem to compute [765]9. For full credit, use 3 or fewer
multiplications of single digit numbers (and some division).
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2. Equivalence relations and cardinality [9 pts]

Let ≈ be the relation on sets given by A ≈ B if and only if |A| = |B|. Prove that ≈ is
an equivalence relation.

You may not use any facts about cardinality without proof (other than the definitions),
but you may use other facts about sets or functions without proving them, as long as
you clearly state what facts you are using.
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3. Bézout’s identity [9 pts]

(a) [6 pts] Let P (b) be the statement “for any a ∈ N, there exists s, t ∈ Z such that
gcd(a, b) = sa+ tb.” Prove P (b) for all b.
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(b) [3 pts] Use this to show that [a] is a unit mod m if gcd(a,m) = 1.
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4. Proof trees [8 pts]

(a) [3 pts] Use a truth table to argue that Q→ (P ∧ ¬P ) � ¬Q.
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(b) [5 pts] Prove Q→ (P ∧ ¬P ) ` ¬Q (without relying on completeness).
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5. Logic [6 pts] Suppose we wished to extend propositional logic with an “if-then-else”
formula: we interpret φ1 ?φ2 : φ3 as “if φ1 then φ2, otherwise φ3”. Here is the truth
table for φ1 ?φ2 : φ3:

φ1 φ2 φ3 φ1 ?φ2 : φ3

T T T T
T T F T
T F T F
T F F F
F T T T
F T F F
F F T T
F F F F

(a) [2 pts] Extend the inductive definition of the eval function for ? / : expressions.

eval(φ1 ?φ2 : φ3, I) ::=

(b) [4 pts] Complete the following partial rules to give reasonable introduction and
elimination rules for ? / : expressions:

` `
· · · ` φ1 ?φ2 : φ3

( )

· · · ` φ1 ?φ2 : φ3 `
` ( )

· · · ` φ1 ?φ2 : φ3 `
` ( )

8



NetID:

6. Graphs [5 pts]

(a) [2 pts] One of the following two graphs contains an eulerian cycle; the other
does not. Number the edges of an eulerian cycle in the graph that contains one,
and prove that the other does not.

A B

C
D

E
F

G1

A B

C
D

E
F

G2

(b) [3 pts] Prove or disprove: all 3-colorable graphs with 3 vertices are isomorphic.
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7. Automata [10 pts]

Recall that when proving that the intersection of regular languages is regular, we
constructed a machine M from two machines M1 = (Q1,Σ, δ1, q01, F1) and M2 =
(Q2,Σ, δ2, q02, F2) as follows: M = (Q1×Q2,Σ, δ, (q01, q02), F1×F2), where δ((q1, q2), a) :=
(δ1(q1, a), δ2(q2, a)).

(a) [6 pts] Prove that for all x ∈ Σ∗, δ̂((q01, q02), x) = (δ̂1(q01, x), δ̂2(q02, x)).
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(b) [4 pts] Use this to show that L(M) = L(M1) ∩ L(M2).
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8. Regular expressions [7 pts]

Use the proof of Kleene’s theorem to give a regular expression that matches strings with
an even number of 0’s and an odd number of 1’s.

Note: make sure your reasoning is clear; small mistakes will not be penalized heavily if
your process is correct.
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9. Probability [12 pts]

Consider an experiment described by the following sample space and random variables:

s Pr({s}) X(s) Y (s)
a 1/8 0 1
b 2/8 2 2
c 3/8 0 3
d 1/8 3 4
e 1/8 1 5

Indicate whether each of the following is an event, an outcome, a number, or a random
variable, and give its value.

(a) [2 pts] The sample space, S

(b) [2 pts] Y = 4

(c) [2 pts] Pr(Y ≤ 2)

(d) [2 pts] Pr(X > 1 | Y > 2)

(e) [2 pts] X + Y

(f) [2 pts] V ar(X)
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