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Instructions. The exam is 13 pages long. Make sure you have the entire exam—sometimes
copy machines fail.

There are 9 problems in the exam. You will have 150 minutes to work on the problems.
The exam is worth 150 points total. The point breakdown for each problem is printed with
the problem. You will likely find some problems easier than others, so read all the problems
before beginning, and use your time wisely.

Books, notes, calculators, laptops, and carrier pigeons are all disallowed. You may leave
mathematical expressions unevaluated (e.g. just write 17 · 3 instead of 51).

Problems will be graded both on process and correctness; if you get stuck on a proof
or need to skip steps, make sure the structure of your argument is clear. Unless stated
otherwise, you must justify your answers.

If you have questions during the exam, please raise your hand and wait for a proctor to
come to you. If you finish the exam early, you may turn it in and leave quietly. However,
if you finish in the final 5 minutes, please remain in your seat as a courtesy to your fellow
students. Do not leave the room without submitting this exam booklet.

If you need more space for a question, use the back of your booklet, and write a clear
note indicating that you did so.

Declaration of academic integrity. Academic integrity is expected of all students at all
times, whether in the presence or absence of members of the faculty. Understanding this, I
declare I shall not give, use, or receive unauthorized aid in this examination. I acknowledge
that the minimum penalty for violating academic integrity is failure of the exam.

Signature

Do not open the exam booklet until instructed to begin.
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1. Probability spaces [23 pts] Consider the following experiment. A bag initially contains
three fair dice; one with 4 sides, one with 6 sides, and one with 8 sides. Two (different)
dice are selected uniformly at random from the bag and rolled.

Let Dice := {4, 6, 8} and Rolls := {1, 2, . . . , 8}. We model this problem using the
sample space

S := Dice×Dice×Rolls×Rolls

.

(a) [3 pts] Let X1 be the random variable giving the result on the first die, and X2

be the result of the second. Give a formal definition of X1 using this sample space.

(b) [9 pts] Find Pr(X1 = 8). Be sure to identify any events you discuss, and justify
any statements you make about their probabilities.
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(c) [11 pts] Prove that X1 and X2 are not independent. Hint: Making good choices
for x1 and x2 will make your proof much easier!
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2. Regular expressions [15 pts] In this question, we focus on a subset A of the set of
regular expressions, given inductively by

r ∈ A ::= a | r1 + r2 | r1r2

(a) [5 pts] Give the inductive definition of the function L : A → 2Σ∗
that gives the

language of a regular expression.

(b) [10 pts] Let rev(x) denote the reverse of x (for example, rev(”1011”) = ”1101”).

For an arbitrary language L, let
←−
L := {rev(x) | x ∈ L}. Use structural induction

to show that for all r ∈ A,
←−−
L(r) is regular. You may use clearly stated facts about

rev(x) without proof, as long as they are true.
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3. Combinatorics [20 pts] This question walks you through a combinatorics proof that(
n

r

)
2n−r︸ ︷︷ ︸

LHS

=
n−r∑
k=0

(
n

k

)(
n− k
r

)
︸ ︷︷ ︸

RHS

(a) [10 pts] Assume |A| = n. Describe a process that can produce LHS different
objects. Carefully describe the objects created by your process (for example, you
might say “the process produces a permutation B of the set A”, although this
answer is incorrect).

(b) [10 pts] Similarly, describe a process that can produce the same set of objects
in RHS different ways. Conclude that LHS = RHS.
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4. Logic [15 pts] Build a proof tree to show that ` (R ∨ ¬P )→ ((P ∧Q)→ R). You
may refer to (and detach) the list of proof rules on the last page. Your proof tree should
correspond to the following informal proof:

Claim: If either R is true or P is false, then P and Q together imply R.

Proof: Assume that either R is true or P is false. We want to show that P and Q
imply R, so we additionally assume P and Q; our goal is now to show R.

Now, by our assumption there are two cases: in the first, R is true, so we are done. In
the second case, we have that P is false. But we also have that P is true, which is a
contradiction. So we are done with this case, and thus the proof.

6



NetID:

5. Induction [15 pts] The Fibonacci numbers Fk are defined by F0 := 1, F1 := 1 and
Fn+1 := Fn + Fn−1 for n ≥ 1. Prove inductively that for all n,

n∑
k=0

F 2
k = FnFn+1

.
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6. Probability bounds [20 pts] Suppose 10 fair four-sided dice are rolled independently.

(a) [10 pts] Use Markov’s inequality to give an upper bound on the probability that
the sum of the rolls is at least 30. Justify your steps.
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(b) [10 pts] Use Chebychev’s inequality to give a better upper bound on the proba-
bility that the sum of the rolls is at least 30. Justify your steps.
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7. Functions [20 pts]

(a) [4 pts] Give a bijection F : [S → {0, 1}]→ 2S

(b) [8 pts] Prove that F is injective.

(c) [8 pts] Prove that F is surjective.
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8. Well-defined functions [10 pts]

(a) [5 pts] Show that if m | n, then the function f : Zn → Zm given by f([a]n) := [a]m
is well-defined.

(b) [5 pts] Give an example to show that f is not well-defined in general.
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9. Number theory [12 pts]

(a) [2 pts] What is ϕ(21)?

(b) [10 pts] Use Euler’s theorem and fast exponentiation to compute [5]−1
21 . Use

the definition of [5]−1 to check that your answer is correct.

(c) [0 pts] Bonus question: suggest a CS 2800-themed holiday gift.
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You may detach this page for reference and scrap

· · · ` ϕ ∨ ¬ϕ (law of excluded middle) · · · , ϕ ` ϕ (assumption)

· · · ` ϕ · · · ` ¬ϕ
· · · ` ψ (absurd)

· · · ` ϕ ∧ ψ
· · · ` ϕ (∧ elimination)

· · · ` ϕ ∧ ψ
· · · ` ψ (∧ elimination)

· · · ` ϕ · · · ` ψ
· · · ` ϕ ∧ ψ (∧ introduction)

· · · ` ϕ1 ∨ ϕ2 · · · , ϕ1 ` ψ · · · , ϕ2 ` ψ
· · · ` ψ (∨ elimination)

· · · ` ϕ
· · · ` ϕ ∨ ψ (∨ introduction)

· · · ` ψ
· · · ` ϕ ∨ ψ (∨ introduction)

· · · ` ϕ · · · ` ϕ→ ψ

· · · ` ψ (→ elimination)
· · · , ϕ ` ψ
· · · ` ϕ→ ψ

(→ introduction)
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